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Abstract 
The finite element (FE) method is a powerful technique that can provide numerical solutions 
to the response of reinforced concrete (RC) structures. However, results obtained from FE 
models are often not objective in the sense that the numerical solutions of FE models 
depend on aspects such as the selection of mesh size, load step size etc. FE model 
objectivity aims at the development of FE models for which the predicted results converge 
with refinement. To date, many research studies have been carried out on the objectivity of 
FE solutions for RC structures. However, considerable uncertainty still exists because of the 
many parameters which are involved in the analysis. The parameters affecting FE analysis of 
RC structures may be divided into two groups: material parameters and procedural 
parameters. The main parameters related to the material behaviour are tension softening 
and interaction between steel reinforcement and concrete. On the other hand, the procedural 
parameters which affect directly the results of the analysis are the load step, mesh size, 
iterative scheme, and number of cracks allowed per load step, numerical integration rule, and 
the use of static vs. dynamic analysis. In an effort to investigate these parameters, the 
current research is primarily aimed towards developing finite element formulations and 
solution procedures that facilitate the objective modelling of RC structures. 
The present study focuses on a subset of the above parameters that appear to be most 
relevant to objective modelling. Two new formulations have been developed in this work 
which allows the objective modelling of RC beam-column members, including geometric and 
material nonlinearity as well as bond slip. Particular emphasis is placed on predicting crack 
localisation in the concrete and stress concentrations in the steel reinforcement across such 
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cracks, as this is particularly relevant to the modelling of RC structures under extreme 
loading. Several verification and validation studies are presented in the thesis to illustrate the 
key features of the proposed formulations and their applicability to the objective modelling of 
RC framed structures. 
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    Global horizontal and vertical axis 
1,2 Two rotations relative to the element chord 
  Bond stress at steel-concrete interface 
 x Normal stress 
xy Shear stress 
  Diameter of a reinforcing bar 
m Hierarchic freedom for axial displacement 
 Axial elongation of finite element 
1,2,3 Slip freedoms 
s Surface energy 
,, Hierarchic freedom for transverse displacement 
u,, Axial, transverse and rotation fields 
µ Strain hardening ratio 
# Notation is based on imperial units 
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Chapter 1 
Introduction 
1.1 General 
The behaviour of RC structures, specifically their response under different types of loads, 
has been the subject of intensive investigation for nearly a century. The complexities 
associated with the behaviour of RC structures led the engineers in the past to rely on 
empirical formulas for their design, which were established over the years from the 
interpretations of laboratory experiments. This process may continue for the design of 
ordinary RC structures that fall within the bounds set by experimental data, but complex 
structural phenomena affected by factors such as strain softening, ductility, cracking and 
bond-slip as well as the response under extreme loading cannot be realistically captured by 
means of empirical or simplified analytical equations. However, with the availability of 
modern computers, the FE method has the potential to offer a better analysis tool for 
studying such complex behaviour of RC structures. This method is potentially capable of 
providing numerical solutions to a wide range of RC structures, and different aspects of the 
behaviour of RC can now be modelled better than ever. Though this may be achieved only if 
the FE analysis can account realistically for the material and geometric properties of the 
various components of a structure and the interaction among them [1]. 
Over the past few decades, significant efforts have been dedicated to developing robust and 
efficient FE models that can better represent the nonlinear behaviour of RC members. While 
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the most general are 2D and 3D FE formulations, these tend to involve complex constitutive 
equations, a large number of degrees of freedom and consequently a high computational 
cost, all of which may not be justifiable for application to beams, columns and framed 
structures. 
An alternative to such models is the use of 1D elements together with sectional models with 
fibre discretisation. These types of models allow a significant reduction of the number of 
degrees of freedom, significant enhancement of computational efficiency and easier 
interpretation of results. In addition, the number and position of fibres can be conveniently 
varied in different sections where different levels of accuracy are required. Hence, the 
transverse discretisation is rather independent of the longitudinal one. On the other hand, for 
planar or solid FE a fine mesh is typically used in all directions to accurately capture the 
structural response.  
1D elements are usually based on either the Euler-Bernoulli or Timoshenko hypotheses, the 
latter including consideration of transverse shear strains, with both approaches utilising a 
linear distribution of the normal strain over the depth of the element. Strain fields based on 
these assumptions could be suitable for approximating the load-deflection response, but 
cannot deal realistically with complex phenomena such as localised cracking and crushing of 
concrete, yielding and rupture of reinforcement allowing for strain localisation across cracks, 
and the interaction between steel and concrete in terms of bond-slip. To model such 
phenomena, the development of consistent FE models, incorporating a more accurate 
representation of the strain fields, is required. Hence, one of the main objectives of the 
present study is to develop concrete and bond elements that are simple and accurate and 
can consider the above mentioned effects. 
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The common approach to validate FE models is based on comparing numerical results with 
experimental data. Despite a good agreement between experimental and numerical results, 
the results of FE analysis can only be considered reliable if the objectivity of solutions is 
achieved. The objectivity of solution means that convergence to a predictable solution should 
be independent of the analyst's choice of procedural parameters such as the size of the 
element and load step, etc. In an effort to investigate these parameters, the current research 
is primarily aimed towards developing FE formulations and solution procedures that facilitate 
the objective solutions for RC structures. To achieve convergence upon mesh refinement, 
the simplest remedy is based on adjusting the tensile softening slope according to the size of 
elements [2]. Different researchers worked in this direction [3, 4], as will be discussed in 
detail later. Another important aspect relates to tracing the response of RC structures under 
different loading conditions. This is usually done by an incremental iterative procedure, 
where the load is typically applied over a number of steps. In this context, it is of paramount 
importance to select the load step because if the load step size is not small enough then 
spurious cracks can take place, depending on the adopted solution procedure. This 
unrealistic numerical cracking can artificially alter the load transfer path within the structure 
and result in an incorrect response. 
Overall, the present work is divided into three parts: the first part describes the nonlinear 
behaviour of concrete, steel, and their interaction; the second part presents the numerical 
results, illustrates the main benefits of the developed approach and demonstrates the 
objectivity of results; finally, the last part presents parametric studies on the influence of key 
model parameters on monotonic, cyclic and dynamic response predictions. 
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1.2 Objectives of the work 
The main aim of this study is to establish an objective FE modelling approach to 
appropriately capture the nonlinear behaviour of RC framed structures including the effect of 
large displacements. Work towards this aim is initiated with the investigation of the relative 
importance of several factors in the nonlinear FE analysis of RC structures. These mainly 
include strain softening, bond-slip, and localised cracking, considering their relative influence 
on the response of frame structures and the objectivity of results upon mesh and load step 
size refinement.  
Towards the above aim, the main objectives of this study are summarized as follows: 
 To develop a 1D beam-column layered element that enhances the cross-sectional 
kinematics as required representing the actual strain distribution over the depth of the 
cross-section, particularly in the post-cracking stage. 
 To develop a robust and efficient bond element for simulating the bond between steel 
and concrete and to demonstrate its applicability to RC members.  
 To illustrate the capabilities of the proposed elements in predicting the softening 
behaviour of RC members without numerical problems. 
 To validate the proposed elements by comparing the achieved numerical results 
against available experimental results. 
 To investigate the effect of FE mesh size and load step size on the results of the 
nonlinear analysis of RC structures and to achieve objectivity of results upon 
procedural refinement. 
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 To use the proposed models and procedures for a series of case studies in order to 
better understand the behaviour of RC members under different loading conditions 
and to investigate the predictability of the nonlinear response of RC structures. 
 To compare the accuracy and efficiency of static and dynamic analysis in simulating 
RC member cracking.  
1.3 Outline of Thesis  
This thesis is organized in eight main chapters. 
Chapter 2 presents an extensive review of important and useful concepts in fracture 
mechanics that will be utilise in the subsequent chapters. An overview of previous research 
in related fracture mechanics concepts and their outcomes is presented first, followed by the 
fracture mechanics approach to concrete. The numerical tools for the simulation of tensile 
strain softening and the interaction between steel and concrete are then presented placing 
special emphasis on the nonlinear FE method. An extensive literature review regarding the 
objective modelling of RC structures and static/dynamic analysis is also carried out. 
The purpose of chapter 3 is to develop a new 1D beam-column element for the modelling of 
concrete which removes some of the constraints imposed by conventional elements based 
on either the Euler-Bernoulli or Timoshenko theories, and which better represents the non 
linear response of RC members including material nonlinearity. The deficiencies in the 
modelling of concrete by conventional methods are described first, and the newly developed 
formulation is then presented and verified with numerical example. 
Chapter 4 deals with the description of a novel steel element which accounts for the steel 
reinforcement and the relative slip between the reinforcing bar and concrete. The proposed 
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element employs a 1D beam-column formulation with additional freedoms that allow for slip. 
This chapter also comprises of a nonlinear constitutive law for bond-slip behaviour. 
Chapter 5 is concerned with numerical studies under monotonic loading for axial and 
bending deformations. The first part covers the correlation studies with experimental results. 
The convergence and objectivity of results upon mesh and load step size is then established. 
This is followed by performing parametric studies considering the effects of yield strength, 
anchorage length and hardening ratio under pull-out and push-pull of a straight anchored 
rebar. The effect of shear retention factor on the response of RC beams is also studied. 
Finally, the influence of different approximation functions over the element cross-section 
depth is investigated. 
Chapter 6 discusses the applications of the proposed elements under cyclic loading 
conditions. A series of parametric studies are included in this chapter for the purpose of 
assessing the influence of key material parameters on the hysteretic behaviour of RC bars. 
Chapter 7 determines the response of RC members with static and dynamic analysis for 
static loading. The main objective is to compare the efficiency of static and dynamic analysis 
in simulating the crack pattern in RC members, followed by the simulation of RC frame 
excited by ground accelerations. 
Chapter 8 summarises the work that has been presented in this thesis, drawing relevant 
conclusions and, in the light of these, proposing recommendations for future research.
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Chapter 2 
Literature Review 
2.1 Introduction 
This chapter reviews the most relevant literature on the nonlinear behaviour of RC structures 
including concrete cracking, strain softening, yielding of reinforcement, bond-slip and 
localisation of cracks. An extensive literature study regarding the objective modelling of 
reinforced concrete structures and static vs. dynamic analysis is also presented. 
The first part deals with previous research aimed at developing fracture mechanics concepts 
and their outcomes, followed by the theory of fracture mechanics applied to concrete and the 
numerical methods available to simulate fracture in concrete including nonlinear FE analysis. 
Localisation of cracks in RC structural elements has been a complex and challenging 
problem ever since the first applications of FE techniques to nonlinear analysis of RC 
structures. Hence, the present chapter will also focus on reviewing the work that has already 
been carried out to date on crack localisation in RC members. 
The second part of this chapter deals with different modelling techniques of bond-slip 
together with the methods of incorporating the tension stiffening effect. Finally parameters 
which comprise essentially the objectivity of results are discussed, including mainly mesh 
size, load step size, and static vs., dynamic analysis.  
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2.2 Fracture Mechanics 
Fracture mechanics is the field of solid mechanics that deals with the initiation and 
propagation of cracks in a body subjected to stresses and strains. These can arise from 
primary applied loads and residual stresses. Recent advances within fracture mechanics and 
finite element methods (FEM) have made it possible to model the cracking phenomena that 
had been treated empirically in the past. Fracture mechanics gives the fundamental rules for 
crack propagation and FEM makes it possible to apply these rules to complicated cases like 
formation and propagation of cracks, two or more parallel cracks, shear cracks, and 
interaction between concrete and reinforcement [3]. 
Fracture mechanics can be broadly classified into linear elastic fracture mechanics (LEFM) 
and nonlinear elastic fracture mechanics (NLEFM).  
2.2.1 Linear elastic fracture mechanics 
Linear elastic fracture mechanics (LEFM) is based on the concept that the plastic zone at the 
crack tip is very small as compared to the crack length. The fundamental principles of LEFM 
were first stated by Griffith [5], who formulated the crack growth criterion as an energy 
conservation principle, and were completed in its essential form by Irwin [6] and Rice [7]. 
Griffith postulated that fracture instability is reached when the increase in surface energy, 
which is caused by the extension of the crack, is balanced by the release of elastic-strain 
energy in the volume surrounding the crack. Based on the assumption of a constant surface 
energy required for fracture, Griffith energy criterion for crack propagation can be 
represented mathematically as: 
         (2.1) 
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in which     the decrease in potential energy due to increased crack surface,       the 
increase in surface energy due to increased crack surface.  
The expression for the critical stress    at which a crack will propagate based on the Griffith 
energy criterion is given as follows: 
 
    
    
  
 (2.2)  
where     surface energy per unit area, and E = Young's modulus. The energy terms 
associated with the Griffith criterion for cracking in uniform tension are shown in Figure ‎2.1. 
 
Figure ‎2.1: a) Griffith‟s model b) Energy partition during crack propagation 
The Griffith equation is strongly dependent on the crack size a, and satisfies only elastic 
brittle materials, in which no (or negligible) plastic deformation takes place. Although for 
ductile materials the above equation still holds, the surface energy predicted by Griffith's 
theory is unrealistically high.  
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In ductile materials (and even in materials that appear to be brittle), a plastic zone develops 
at the tip of the crack. As the applied load increases, the plastic zone increases in size until 
the crack grows and the material behind the crack tip unloads. The plastic loading and 
unloading cycle near the crack tip leads to the dissipation of energy as heat. Hence, a 
dissipative term has to be added to the energy balance relation devised by Griffith for brittle 
materials. In physical terms, additional energy is needed for crack growth in ductile materials 
when compared to brittle materials [8]. 
Irwin [6] came to the conclusion that even a slight plastic flow which occurs in the brittle 
fracture case will absorb a great amount of additional energy required to create new 
surfaces. Irwin's criterion for crack propagation can be expressed as follows: 
              (2.3)  
in which       the plastic energy dissipated due to increased crack surface. 
Irwin modified Griffith‟s theory by including the plastic work,   , into the total elastic surface 
energy, giving the modified Griffith‟s equation as follows: 
 
   
         
  
 (2.4)  
Irwin recognized that the plastic energy dissipated in material is much higher than the 
surface energy dissipated. Therefore, he proposed that the surface energy can be neglected 
when compared with plastic energy.  
Another significant achievement of Irwin was to find a method of calculating the amount of 
energy available for fracture in terms of stress intensity factor. It is neither the magnitude of 
stress or strain, but a unique parameter that describes the effect of loading at the crack tip 
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region and the resistance of the material. The stress intensity factor   is valid only for a small 
region around the crack tip, and depends on both the values of stress and crack size: 
          
 
 
  (2.5)  
Where σ=applied stress, a=crack Length, and   
 
 
  = correction factor that depends on 
specimen and crack geometry. 
Irwin also showed that the strain energy release rate of a planar crack in a linear elastic body 
can be expressed in terms of mode I (opening mode), mode II (sliding mode), and mode 
III (tearing mode) stress intensity factors for the most general loading conditions as shown in 
Figure ‎2.2. Mode I was identified as the tensile mode or opening mode, in which the crack 
surfaces move opposite and perpendicular to each other. This mode is the most important 
from low stress fracture point of view and has been studied more extensively than 
modes II and III, which involve sliding (in-plane shearing mode) and tearing (anti-plane shear 
mode), respectively. The basic assumption is that crack propagation will occur when the 
strain energy release rate or the stress intensity at the crack tip reaches a critical value.  
 
 
 
 
 
Figure ‎2.2: Three modes of Fracture (a) Mode I (b) Mode II (c) Mode III 
 
(a) (b) (c) 
Chapter2 – Literature Review 
 
36 
 
2.2.2 Nonlinear fracture mechanics 
LEFM applies when the nonlinear deformation of the material is confined to a small region 
near the crack tip. For brittle materials, it accurately establishes the criteria for failure. 
However, severe limitations arise if the fracture process zone is not negligible compared to 
the size (or crack) of the structure. For a real material, a plastic zone (even very small) is 
always present around the crack tip. Therefore, nonlinear aspects of fracturing process need 
to be examined. This section provides a brief introduction to such aspects. A more detailed 
description of the topics can be found elsewhere [9-11].   
In NLEFM approach, two parameters are generally used for determining crack stability and 
for controlling crack propagation: 
 crack opening displacement (COD) or crack tip opening displacement (CTOD), and 
 J-integral. 
2.2.2.1 Crack tip opening displacement 
The crack tip opening displacement, (CTOD), formerly the crack opening displacement 
(COD), was first proposed by Wells [12] to describe the fracture behaviour in the vicinity of 
the crack tip. This approach focuses on the strains in the crack tip region instead of the 
stresses, unlike the stress intensity approach. In the presence of plasticity at the crack tip, 
the two faces move apart at the crack tip without increase in the length of the crack. The 
relative movement of the two faces at the crack tip has been termed as „crack opening 
displacement‟ (see Figure ‎2.3). It is thus expected that crack extension will begin when the 
crack opening displacement reaches some critical value. The criterion takes the form: 
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      (2.6)  
where   is the crack opening displacement and    is its critical value. It is assumed that,    is 
a material constant independent of specimen configuration and crack length [10]. 
 
 
 
 
 
Figure ‎2.3: Crack opening displacement 
2.2.2.2 J-integral 
In 1968, Rice [7] discussed the potential of a path independent integral   for characterizing 
fracture behavior involving large-scale yielding at the crack tip. This integral can be regarded 
as a decrease in potential energy with the crack extension. Consider a nonlinear elastic body 
containing a crack as shown in Figure ‎2.4, the  -integral is defined as: 
 
          
   
  
   
 
 (2.7)  
where  = elastic strain energy given as: 
 
          
   
 
 (2.8)  
    is the traction vector acting on a segment    of contour  : 
Sharp crack 
Blunt Crack 
δ 
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          (2.9)  
    is the displacement vector, and: 
           
 
 (2.10)  
  
 
 
 
 
Figure ‎2.4: Definition of the J-integral 
  is path independent; in particular, this means that if  is a closed path, then      The total 
magnitude of   consists of two parts: an elastic part and a fully plastic part. For small scale 
yielding or linear-elastic material behaviour,   is equivalent to Irwin‟s strain-energy release 
rate  . Therefore, the portion for elastic   is directly related to  , and the plastic part vanishes 
[11]. For a large-scale yielding case, the  -integral becomes the controlling factor in 
characterising the plastic behaviour of ductile materials containing cracks. 
2.3 Fracture Mechanics of Concrete 
Concrete is a brittle material with low tensile load bearing capacity. Compared to structural 
steel, concrete has only 0.1-1% of its tensile strength, and only 0.2-4% of its fracture 
toughness. For this reason, concrete structures are often reinforced to deal with its inherent 
weakness in tension. Before the application of any load, cracks, so-called micro cracks, may 
appear in concrete due to some other factors such as shrinkage, creep etc. With the 
s 
y 
x 
Г 
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application of increasing load, tensile stresses in concrete reach up to its tensile strength   ; 
simultaneously micro cracks combine together and eventually lead to a major crack. As the 
crack widens the stress-carrying capacity of concrete decreases and ultimately reduces to 
zero on achieving a full crack.  
The propagation of cracks in RC structures may be distinguished in three phases.                 
The first stage is the initiation stage characterized by the formation of the fracture process 
zone (FPZ), which is defined as the area surrounding a crack tip within which inelastic 
material behaviour occurs. The condition for initiation of crack is fulfilled when the tensile 
stress of concrete reaches its tensile strength ft. The second phase is the continuous 
softening of the fracture zone, which is characterized by the gradual weakening of the 
material inside the fracture zone. The third phase ends with the yielding of the reinforcement 
or crushing of concrete. 
 
 
 
 
 
 
Figure ‎2.5: Typical load displacement response of RC element [13] 
The fracture mechanics of concrete is very different from that of steel. In steel, the material in 
the nonlinear zones undergoes hardening or perfect plasticity (Figure ‎2.6b), whereas in 
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concrete the material undergoes softening damage (Figure ‎2.6a).  
 
 
 
 
Figure ‎2.6: Fracture zone of a) concrete b) steel [13] 
The nonlinear fracture mechanics of concrete can be simplified by the following two 
approaches:  
 the cohesive or fictitious crack model 
 the crack band model 
2.3.1 Fictitious crack model 
A widely accepted model to describe the fracture behaviour of concrete is the “Fictitious 
Crack Model” developed by Hillerborg [3] for mode I fracture, in a similar way to the Dugdale-
Barenblatt [14, 15] model of metals. In this model, the crack is assumed to propagate if the 
stress at the crack tip reaches the tensile strength ft .When the crack opens the stress is not 
assumed to fall to zero at once, but to decrease with increasing crack width w, for example 
according to Figure ‎2.7.  
For that part of the crack where w < wc, the "crack" in reality corresponds to a micro-cracked 
zone with some remaining ligaments for stress transfer. As there is a stress to be overcome 
in opening the crack, energy is absorbed. The amount of energy absorbed per unit crack 
area in widening the crack from zero to or beyond wc is expressed as: 
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Figure ‎2.7: Cohesive crack and softening curve for Mode I fracture of concrete [3] 
2.3.2 Crack band model 
Bazant and Oh [2] proposed the crack band model which is very much similar to the 
cohesive crack model with a major difference of the shape of the softening zone as it was 
described as a band instead of a line. The width of the band is held constant in order to avoid 
spurious mesh sensitivity. This assures that the energy dissipation due to fracture per unit 
length of crack is constant which is equal to the fracture energy of the material Gf. The cracks 
are considered to be smeared over the area of the finite element, and the material behaviour 
is characterized by the constitutive stress–strain relationship [16].  
2.4 Finite Element Method in Fracture Mechanics 
The Finite Element Method (FEM) has been one of the most powerful numerical tools for the 
solution of cracking problems in fracture mechanics. Based on the theory of nonlinear 
fracture mechanics, two different approaches have been used to evaluate the propagation of 
cracks in plain concrete specimens: the discrete crack approach and the smeared crack 
 
       
  
 
 (2.11)  
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approach. The former approach models a crack as a geometrical discontinuity, whereas the 
latter considers a cracked solid to be a continuum. 
2.4.1 Discrete crack approach 
In the first application of discrete crack model that was introduced by Ngo & Scordelis [17], 
cracks were represented by separating the concrete elements on either side of the crack. 
This was done by assigning a different nodal point number on each side of the element 
where the crack is expected to occur. The problem associated with this model was that the 
crack location needs to be known before the finite element meshing is carried out. A few 
years later, Nilson [18] made some improvements by introducing cracks using a strength 
criterion. If the average value of the principal tensile stress in two adjacent elements exceeds 
the tensile strength, then a crack is established between those two elements along their 
common edge. Cracks were permitted to form without bias as to location or extent. Sluys and 
de Borst [19] defined the cracks by introducing material imperfections in the sense that the 
tensile strength was reduced by 20%. Despite the better representation of cracking in finite 
element analysis, two inconveniencies still exist in the discrete crack approach. First, the 
topology of the finite element mesh is changed continuously. Second, the crack is 
constrained to follow a predefined path along the element edges. To overcome these 
deficiencies,  Ingraffea and Saouma [20] developed an algorithm in which a special re-
meshing procedure is implemented in order to approximate, as correctly as possible, the real 
crack path.  For each special case of the orientation of a crack entering and leaving an 
existing element there exists an algorithm to subdivide the element. This technique is simple 
in principle but has some disadvantages; for example, the final mesh is strongly dependent 
on the original meshing of the problem and the computational time increases significantly. 
These aforementioned drawbacks made the discrete crack model little accepted. However, 
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this model is suitable for cases in which only few cracks dominate the behaviour of the 
structure.  
2.4.2 Smeared crack approach 
The smeared crack approach, which was proposed by Rashid [21], offers a more practical 
alternative for crack representation while using the finite element method. In this approach, 
the local displacement discontinuities at cracks are distributed over some tributary area 
within the finite element, and the formation of cracks is simulated by replacing the isotropic 
stiffness matrix by an orthotropic stiffness matrix upon crack formation. This implies that the 
geometry of the finite element mesh remains unchanged. Hence, this method has the 
advantage that cracks are allowed to form anywhere in the structure as the stresses reach 
the limiting value and the finite element mesh can be kept unchanged throughout the entire 
non-linear analysis. Despite this, classical smeared approach suffers from a deficiency when 
dealing with localized cracking, particularly when it is used with models assuming full bond 
between concrete and steel reinforcement.  
2.5 Fracture Localization in Concrete 
The nonlinear response of concrete is frequently dominated by progressive cracking resulting 
in localized failure. Bazant and Oh [2] were amongst the first authors who advanced the 
smeared cracking approach by addressing the problem of localisation. Bazant's model, the 
crack band model, provides a solution to mesh-size dependency by manipulating the 
material softening response so that the fracture energy dissipated remains constant upon 
mesh refinement. In the case of localised fracture, the crack band model assumes that 
localisation also arises in the smeared model, and consequently each smeared crack in the 
simulation corresponds to a single physical crack. For this condition to be satisfied, it must be 
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ensured that any structural symmetry is destroyed. This can be achieved either by 
introducing small geometric or material imperfection or by introducing load imperfection in 
between the range of minimum and maximum crack spacing [19, 22-24]. 
Ottosen [25] assumed a linear softening branch in tension and followed the same approach 
introduced by Bazant and Oh [2], thus adjusting the slope of the softening branch in order to 
reproduce the same fracture energy for different element sizes. The crack band width 
corresponding to a representative dimension of the mesh size has the following form: 
   
 
 
 (2.12)  
In which   is the size of the finite element and co-efficient   depends on the chosen element 
type, element size, element shape, integration scheme, and even on the particular problem 
considered [26]. 
Kwak and Fillipou [13] considered cracking to be concentrated over a small region around 
the integration point and not over the entire finite element. The stress-strain behaviour at an 
integration point is considered to be representative for the area that belongs to it. 
Consequently, in the smeared crack approach, when fracture localises at an integration 
point, the area over which the cracking strain is smeared corresponds to the area belonging 
to the integration point. For the fracture energy consumed in the model to be equal to the 
fracture energy of a single crack, the crack band width must therefore be chosen equal to the 
width of the area belonging to the integration point. This width is proportional to the 
characteristic size of the element considered.  
However, most of the researchers assumed  the crack band width equal to the size of the 
finite element [27-29]. The reason behind this is that when the crack takes place at one 
Chapter2 – Literature Review 
 
45 
 
integration point, the element stiffness is reduced and the cracks may occur at all other 
integration points of the element in the next iteration.   
2.6 Bond Slip Behaviour 
2.6.1 Bond mechanism 
The bond mechanism is defined as an interface between reinforcement and concrete. This 
interface directly affects the initiation and propagation of cracks in RC structures, affecting 
the crack width as well as crack spacing. Reinforcing bars transmit tensile stresses to 
concrete through bond, and the development of stresses in the concrete beyond its tensile 
strength    initiates primary cracks. Once these cracks develop the concrete becomes 
incapable of sustaining forces at the cracks, and all the tensile forces are carried by the steel 
reinforcement. Nevertheless, the concrete between the cracks carries some tensile stresses 
(tension stiffening effect), but this capability progressively decreases with the increase of 
load and eventually the bond between reinforcing steel and concrete grows weaker. This 
deterioration of the bond is related to the development of some internal cracks around the 
reinforcing steel, which begins to slide relative to the surrounding concrete. This relative 
displacement between reinforcing steel and concrete is known as slip.  
The stress transfer mechanisms between concrete and steel in reinforced concrete elements 
can be attributed to three different phenomena: chemical adhesion, frictional resistance, and 
mechanical interaction between steel and concrete [30]. Adhesion is constituted by chemical 
bond between mortar-paste and rebar surface. In the case of plain rebar, stresses transfer 
primarily from the first two mechanisms, while for ribbed bars, adhesion and friction 
mechanisms are secondary and the stress transfer is mainly due to the interaction between 
ribs and the surrounding concrete. The shape of the ribs leads to a resultant force, known as 
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traction, which can be divided into a shear and a normal component. The shear stress so 
developed at the interface is called bond stress, which is expressed in the terms of the 
tangential force per unit normal surface area of the reinforcing bar. 
There are two types of loading which induce bond stresses, and accordingly bond is 
characterized as: 
 flexural bond, and 
 anchorage bond or development bond. 
Flexural bond is that which arises in flexural members on account of shear or a variation in 
bending moment, which in turn causes a variation in axial tension along the length of the 
reinforcing bar. Evidently, flexural bond is critical at points where shear is significant.  
Anchorage bond is that which arises over the length of the anchorage provided for a bar or 
near the end of a reinforcing bar, resisting the „pulling out‟ of the bar if it is in tension or 
conversely the „pushing in‟ of the bar if it is in compression.  
2.6.2 Modelling of bond-slip effect 
In early research, perfect bond was assumed in the analysis of RC structures that implies full 
compatibility between concrete and reinforcement strains. However, it was soon realised that 
this assumption is valid only in the regions where negligible stress transfer occurs between 
these two components [31], such as at early loading stages. As the load is increased, 
cracking as well as breaking of bond unavoidably occurs, and a certain amount of slip takes 
place, all of which in turn affect the stress distribution in both the steel reinforcement and 
concrete. Therefore, in order to realistically describe the behaviour of RC structures in static 
and dynamic nonlinear structural analysis, the inclusion of the bond-slip effect is essential. 
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Although a great deal of work has been carried out to investigate the behaviour of bond 
between steel and concrete, development of reliable and efficient techniques for bond-slip 
behaviour of reinforced concrete structures still remains one of the most challenging topics in 
finite element research today.  
To characterise the bond-slip behaviour, two main approaches have been used in finite 
element analysis of RC structures, as discussed next. 
2.6.2.1 Bond link element 
The first and simplest approach, based on linking individual sets of two nodes belonging to 
steel and concrete respectively, was proposed by Ngo & Scordelis [17]. In this technique, 
concrete and steel are discretised separately, and additional bond link elements are used to 
couple their respective nodes. These elements have no physical dimensions, i.e. the two 
nodes have the same coordinates in the un-deformed state. A bond link element is illustrated 
for a 2D system in  Figure ‎2.8  
 
 
 
 
 
 
 
 
Figure ‎2.8: Bond link element [17] 
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The spring in the link element parallel to the longitudinal axis of the bar represents the bond 
between steel and concrete elements. This permits a certain amount of slip during the 
transfer of stress from steel to concrete, where the slip depends on the response 
characteristics of the spring. The spring in the link element normal to the direction of the bar 
represents the effect of normal stress and normal separation. This effect depends not only on 
the adhesion and mechanical interlocking between the steel and concrete, but also on how 
well the surrounding concrete restrains the steel from normal separation. The normal spring 
characteristics are even more difficult to determine than the tangential bond characteristics. It 
is reasonable to stipulate that under normal conditions the vertical separation is very small 
and its effect may be neglected. Hence, the spring in the normal direction to the bar is 
assumed to be very stiff. This means that the steel element is typically connected rigidly to 
the concrete element in the normal direction of the bar [17]. Another study with the same 
approach by Scordelis et al. [32] examined the shear in beams with diagonal tension cracks, 
considering the effect of stirrups, dowel shear, aggregate interlock, and horizontal splitting 
along the reinforcement near the support, where a linear bond-slip relationship was 
assumed. Nilson [33] pointed out that the bond-slip relationship is strictly nonlinear, and that 
is based on experimental evidence. He proposed a third degree polynomial relating local 
bond stress     to local bond slip    , given as: 
                                 (2.13)  
The bond-link approach represents the slip between steel and concrete in a simple manner, 
but it has some limitations, such as the requirement for double nodes to represent slip 
between steel and concrete. This can result in a significant increase in the number of 
degrees of freedom, particularly in a three dimensional finite element analysis. Furthermore, 
the finite element mesh must be arranged in such a way that reinforcing bars are located 
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along the edge of the concrete element. Another major drawback of this approach is the 
need for adjusting the spring properties upon mesh refinement. 
2.6.2.2 Continuous bond element 
Another approach used to account for bond-slip is based on continuous coupling between 
steel and concrete [34]. In this approach, the bond zone is modelled by a material law which 
captures the effective bond-slip characteristics. The important difference between this type of 
element and the bond link element is that the bond zone element has finite dimensions.  The 
bond zone element consists of two parts a) rebar and b) bond-slip layer between steel and 
concrete as illustrated in Figure ‎2.9.   
 
 
 
 
Figure ‎2.9: Bond Zone Element [34] 
Keuser and Mehlhorn [31] showed that conventional bond link elements are capable of 
representing correctly only uniform slip distributions. Therefore, they followed the same idea 
as DeGroot et al. [41] and introduced a contact element that provides a continuous 
interaction between steel and concrete. The behaviour of concrete was modified in the 
vicinity of the contact surface between reinforcing steel and concrete to account for the 
properties of the bond zone. A major drawback of this model is that the contact element 
should be compatible with the order of the concrete and reinforcement elements. This means 
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that if the steel element has three nodes, a contact element with three double nodes is 
required to connect it with three nodes of a concrete element (Figure ‎2.10).  
 
 
 
 
Figure ‎2.10: Three node contact element [31] 
To address the limitations of the bond link element, Kwak and Filippou [13] also proposed a 
new reinforcing steel model which is embedded inside a concrete element so that the analyst 
can choose the finite element mesh configuration independently of the location of the 
reinforcing bars. At the same time, the relative slip between reinforcing steel and concrete is 
explicitly taken into account in the model, and the finite element model includes only the 
concrete displacement degrees of freedom that lead to a reduced size of the structural 
stiffness matrix. In their study, they cover the nonlinear behaviour of RC beams, slabs and 
beam-column joints under short term monotonic loads. 
Kwak and Kim [35] also addressed the limitations of conventional bond–link elements by 
introducing a new analytical model to predict the effect of bond–slip effect without requiring 
double nodes. In order to test the proposed analytical model with bond–slip, the response of 
anchored reinforcing bars under monotonic pull-out and push–pull loads was studied. It was 
assumed that the bond stress–slip relationship is constant along the anchorage length of the 
bar, an assumption which is not adequate for the large deformation stage where significant 
bond damage can occur.  
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Limkatanyu and Spacone [36], suggested a method based on the fibre section where the 
concrete element and reinforcing bars are considered as different line elements connected at 
the nodes to give a frame model with bond slip. The nodal degrees of freedoms of the beam 
and of the bars are different to allow reinforcement slip hence, the bond slip between the 
steel bar and the surrounding concrete is computed directly as the difference in the steel and 
concrete displacements at the bar level.  
Chen and Baker [37] examined the influence of bond-slip on damage distribution. Three 
numerical examples were studied, including reinforcing bar and panel under uni-axial 
tension, and reinforced concrete beam under bending with perfect bond and with bond-slip. It 
was observed that with full bond, damage near the reinforcement is distributed, whereas 
considering bond-slip, the damage near the reinforcement is localized.  
2.7 Objective Modelling of RC Structures 
Over the last few decades, objectivity of nonlinear finite element analysis for reinforced 
concrete structures has been receiving significant attention from researchers. In this context, 
ensuring convergence to a unique solution with both mesh and load/time step refinement 
becomes an important consideration, and this requires sophisticated formulations and 
solution procedures largely due to the softening nature of the post-cracking response of RC 
structures. 
2.7.1 Mesh refinement 
The nonlinear response of RC structures, as predicted by typical finite elements with 
smeared cracks, can be significantly influenced by the size of mesh. To ensure objectivity, 
convergence of results to a predictable solution upon mesh refinement is mandatory. The 
conventional technique to establish convergence is to first undertake the nonlinear analysis 
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with a specific mesh discretisation and record the solution. The problem is then repeated with 
a finer mesh, and the results are compared with the previous solution. If the results are 
similar then it would assumed that the mesh size is good enough to predict the accurate 
results, but if the results are different then it would be necessary to try a finer mesh until 
convergence is achieved. In the context of softening material such as concrete, convergence 
with mesh refinement using the smeared crack approach requires the associated fracture 
energy to be smeared over the element. This in turn requires an adjustment of the stress-
strain relationship, hence the fracture energy per unit volume, in the softening range 
depending on the size of the element, thus keeping the fracture energy per unit area of the 
crack surface constant. If all elements have the same softening stress-strain relation 
regardless of element size and mesh refinement, then the result would be mesh dependent, 
since the fracture energy per unit area of the crack surface would depend on the size of the 
element over which the crack is smeared.  
2.7.2 Incremental step size 
The prediction of the nonlinear response of RC structures generally depends on the entire 
loading history, and this invariably requires incremental analysis using load/time steps. 
Very few studies have investigated the influence of the step size on the nonlinear response 
of RC structures. A study presented by Leibengood et al. [38] showed that the orientation 
and the number of cracks that develop in a structure are strongly dependent upon the step 
size and the type of the mesh. Kwak and Fillipou [13] strongly argued that the step size 
should be reasonably small so that unrealistic "numerical cracking" does not take place. 
These spurious cracks can artificially alter the load transfer path within the structure and 
result in incorrect modes of failure. Crisfield [39] concluded, due to large load step size, 
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numerical disturbance of the load transfer path after initiation of cracking can give rise to 
alternative equilibrium states and, hence, lead to false ultimate strength predictions. 
Accordingly, depending on the adopted solution procedure, a large incremental step can lead 
to excessive cracking and therefore spurious predictions. This possibility in itself is not a 
major shortcoming of nonlinear analysis procedures; indeed a more important requirement is 
that the predictions should be convergent, thus objective, as the incremental step is refined. 
2.8 Static vs. Dynamic analysis 
All real physical structures, when subjected to loads or displacements, behave dynamically. 
Typically, when the load is applied gradually over a duration that is very long compared with 
the natural period then the inertia forces (mass times the acceleration) can be neglected and 
a static analysis can be justified. There are exceptions for RC structures, however, such as 
when the resistance suddenly reduces due to cracking. In such instances and when the load 
is varying over relatively short durations, dynamic analysis would be required. 
The equilibrium equations governing the dynamic response of a discritised system can be 
expressed as: 
                                 (2.14)  
in which     is the mass matrix (lumped or consistent),     is a viscous damping matrix 
(which is normally selected to approximate energy dissipation in the real structure),     is 
resistance force and     is equivalent loading. The time-dependent vectors      and     are 
the velocities and accelerations, respectively.  
Sluys and Borst [19] made a comparison between static and dynamic analysis in 
investigating the crack pattern in RC structure. An analysis was carried out on a bar with one 
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reinforcing bar loaded at both sides by a dynamic load. The dynamic case for this problem 
was found easier to perform computationally. The evolution of the primary crack pattern 
followed the stress wave and, depending on the crack formulation, primary cracks occurred 
at more or less regular distances. In static analysis, on the other hand, the first primary 
cracks occurred at imperfect locations and other cracks formed at intermediate points which 
provided a value for the crack spacing. So, in dynamic computations no imperfections had to 
be included because the non-uniform solution is driven by the stress wave. The evolution of 
primary cracks was found different from the static case, but the resulting value for the crack 
spacing is of the same order, except for a negligible rate effect. 
2.9 Discussion 
Considerable efforts have been devoted to developing FE models to simulate the fracture 
behaviour of concrete, based on either the discrete or smeared crack approaches. The 
deficiencies of the discrete crack approach including crack propagation restricted to inter 
element boundaries or a continuous change in the topology of mesh, which have encouraged 
researchers to develop and use the smeared approach for their models. In the smeared 
crack approach, the cracks are distributed over the finite element and their propagation is 
simulated by significant deformations over affected elements. However, using the smeared 
crack concept, the ability to predict crack localisation and strain concentrations in 
reinforcement objectively becomes an important consideration. Hence, one of the main 
objectives of the present study is to formulate elements for beam-columns utilising the 
smeared crack approach which provide objective predictions of the overall response, crack 
development and strain concentration in the reinforcement. 
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In this respect, another important issue is the transfer of stress between steel reinforcement 
and concrete. The complications in simulating the stress transfer between steel and concrete 
constrained researchers to assume full bond conditions in their earlier studies. This limits the 
failure prediction capability of the model under monotonic and cyclic loads, and removes the 
ability to predict strain/stress concentrations in the reinforcement at crack locations. To 
address this limitation, several studies were devoted to the modelling of bond and the 
resulting slip of the reinforcing bar, though a robust and efficient bond-slip model is still 
lacking.  
Over the past few decades, considerable research efforts have been devoted to extending 
the capabilities of conventional bond link elements, with less effort given to advancing bond 
zone elements. The present work is concerned with developing a bond zone element that is 
compatible with a novel concrete element for beam-columns, including the effect of large 
displacements. 
The predictions of nonlinear finite element analysis for RC structures can be affected by 
procedural parameters such as load step size, integration scheme and mesh size. Hence, 
one of the aims of work study is to address these issues utilising the developed beam-
column formulation, and to provide guidelines for the objective modelling of RC framed 
structures. 
Finally, the need for dynamic analysis was highlighted in assessing the nonlinear response of 
RC structures, even when the load is relatively static, since such structures can exhibit 
sudden softening due to cracking, which is a highly dynamic phenomenon. Compared to 
static analysis, dynamic analysis can be more computationally demanding, but the speed 
and capacity of the present generation of inexpensive personal computers allows a large 
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number of structural engineers to conduct nonlinear dynamic analysis with ease. 
Notwithstanding, an important focus of this work is to establish whether the predictions from 
dynamic analysis under relatively static loading can differ significantly from those of static 
analysis, particularly in respect of important factors such as crack spacing and strain/stress 
distributions. 
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Chapter 3 
A Fibre Beam-Column Element 
3.1 Introduction 
Over the past few decades, significant efforts have been dedicated to developing robust and 
efficient FE models that can better represent the nonlinear behaviour of RC members. While 
the most general are 2D and 3D FE formulations, these tend to involve complex constitutive 
equations, a large number of degrees of freedom and consequently a high computational 
cost, all of which may not be justifiable for application to beams, columns and framed 
structures. 
An alternative to such models is the use of 1D elements with a layered approach for 
modelling material nonlinearity. These types of model have several advantages over 2D and 
3D models, including fewer degrees of freedom, significant enhancement of computational 
efficiency and easier interpretation of results. Such elements are usually based on either the 
Euler-Bernoulli or Timoshenko hypotheses, the latter including consideration of transverse 
shear strains, with both approaches utilising a linear distribution of the normal strain over the 
depth of the element. Strain fields based on these assumptions could be suitable for 
approximating the load-deflection response, but cannot deal realistically with complex 
phenomena such as localised cracking and crushing of concrete, yielding and rupture of 
reinforcement allowing for strain localisation across cracks, and the interaction between steel 
and concrete in terms of bond-slip. To model such phenomena, the development of 
consistent FE models, incorporating a more accurate representation of the strain fields, is 
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required. 
The purpose of this chapter is to develop a new 1D finite element for the modelling of 
concrete which removes some of the constraints imposed by conventional elements based 
on either the Euler-Bernoulli or Timoshenko theories. The deficiencies in the modelling of 
concrete by the conventional methods are described first, and then the newly developed 
formulation is presented. 
3.2 Conventional Analysis 
Consideration is given here to conventional analysis using a beam-column element based on 
the Euler-Bernoulli hypothesis of plane sections remaining plane. The conventional element 
has three local degrees of freedom: two rotations         relative to the element chord at 
each end of the element, and an axial elongation     of the element. The corresponding 
element forces are  ,  , and   as shown in Figure ‎3.1. 
. 
Figure ‎3.1: Local freedom and forces of beam-column element 
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Figure ‎3.2 shows a FE model of part of a beam, composed of two beam–column elements 
and two bond link element. The lower element models the reinforcing bar, while the top 
element models the concrete. It is assumed that the nodes of these different types of 
elements are defined along a common reference axis, which is assumed to coincide with the 
centroidal axis of the beam. The bond stress-slip relationship is simulated by bond link 
elements, which have double nodes with the same co-ordinates, one connected to the 
concrete element and other to the steel element. This bond element is basically a simple 
nonlinear spring acting in the direction of the reinforcement. 
Figure ‎3.2: Discretisation of RC beam segment with conventional elements 
A simply supported RC beam, which is specimen J4 tested by Burns and Seiss [40], is 
selected for this study, as shown in Figure ‎3.3, where 80 element divisions are used along 
the length. This example has been used by several researchers to verify their numerical 
models. The beam is lightly reinforced with a longitudinal reinforcement ratio of 0.01 and no 
transverse reinforcement. The ratio of the flexural length to the depth of the cross-section is 
approximately 7, thus the behaviour is controlled entirely by flexure and the lack of 
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transverse reinforcement does not adversely affect the response.  As stated before, the 
beam response is assessed on the basis of the Euler-Bernoulli hypothesis of plane sections 
remaining plane. 
 
 
 
 
 
 
Figure ‎3.3: Configuration of beam J4 [40] 
With regard to the material models adopted, a typical bilinear elasto-plastic model with strain 
hardening is employed for steel, whereas the behaviour of concrete in tension is assumed to 
be linear elastic up to the tensile strength, with a modulus of elasticity equal to the initial 
tangent modulus in compression. A softening response is considered in tension to represent 
the energy release in concrete across the tensile fracture zone. Further details of the models 
can be found elsewhere [13, 41]. The adopted models for concrete, steel and interface 
between them are illustrated in Figure ‎3.4.  
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Figure ‎3.4: Constitutive law for (a) concrete (b) steel (c) bond-slip 
Chapter3 – A Fibre Beam-Column Element 
 
62 
 
Table ‎3.1 lists material properties for the concrete, reinforcing steel and bond interface, 
where material parameters are taken from other study [13] are bold. The material properties 
for the bond link elements are given for 80 elements, while the bond stiffness and tensile 
softening slope of concrete are adjusted according to the number of element used in the 
analysis. The cross-section is divided into 25 layers. 
Table ‎3.1: Material Parameters for RC beam tested by Burns and Seiss [40] 
The elastic and inelastic response of the RC beam predicted by the conventional 1D 
elements is presented and discussed next to illustrate the applicability and shortcomings  of 
conventional analysis. Section x-x, y-y and z-z as illustrated in Figure ‎3.5 are investigated for 
different equilibrium states. 
 
 
 
 
 
 
Figure ‎3.5: Concrete sections for beam J4 investigated in the analysis 
Concrete Steel Interface 
Material properties Value Material properties Value Material 
properties 
Value 
Elastic modulus 26,200 MPa Elastic modulus 203450 MPa    98.5N/mm 
Tensile strength 2.4 MPa yield strength 309.65 MPa       30N/mm 
Compressive 
strength 
33.24 MPa Strain hardening ratio 1%    0.02mm 
Fracture energy 0.0875N/mm As 1020mm2    0.15mm 
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3.2.1 Elastic behaviour 
Focusing on the elastic range, the transverse strain and stress distribution across the cross-
section depth is examined first. Figure ‎3.6 shows the predicted strain and stress distribution 
for the load around 30KN at a transverse section (the middle section x-x illustrated in Figure 
‎3.5) of a beam where the maximum bending is less than that is required to form a flexural 
crack. At this stage, the assumption „plane sections remain plane‟, as manifested by the 
assumption of linear strains over the cross-section depth (Figure ‎3.6), is acceptable. 
 
 
 
 
 
 
 
 
 
Figure ‎3.6: (a) Load-deflection response (b) Stress and strain distributions at section x-x 
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3.2.2 Inelastic behaviour 
Prior to the formation of the first crack, the stress distribution at all sections in a beam has a 
similar pattern as shown in Figure ‎3.6 for an un-cracked section. However, as the load on the 
beam is increased gradually, at a certain load level, the concrete tensile stress along the 
bottom fibre reaches the tensile strength at mid-span, where the first crack is initiated. In the 
current example, the first crack appears at the mid section (section x-x) when the load 
reaches 48KN, where the predicted strain and stress distribution is shown in Figure ‎3.7. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure ‎3.7: (a) Load-deflection response (b) Strain and stress distribution at cracked section 
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Under increasing load, the crack propagates further upwards. This propagation of crack is 
also associated with an increase in the tensile strain at the section and moving the neutral 
axis towards the compressive face. With the considered conventional 1D elements, this 
propagation of crack leads to tensile cracking not only for the elements representing the 
cracked region (in a localised smeared way) but also for several adjacent elements at a 
deflection of 8mm, as illustrated by the diagram in Figure ‎3.8 for section x-x, y-y and z-z 
(sections x-x ,y-y and z-z are illustrated in Figure ‎3.5).  
 
 
 
 
 
 
 
Figure ‎3.8: (a) Load-deflection response (b) Strain and stress distribution at section x-x (cont’d) 
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Figure 3.8: (c) Strain and stress distribution at section y-y (d) Strain and stress distribution at  
section z-z 
Although only two additional cracked sections are shown in Figure ‎3.8, which are located in 
the elements adjacent to the middle element, but a number of elements are found cracked 
when the load reaches 75 KN before the yielding of the steel. To clearly demonstrate the 
number of elements cracked along the length of the beam, tensile stresses along the bottom 
fibre of the beam are shown in Figure ‎3.9. This failure to predict localisation of cracks, 
despite the explicit modelling of bond-slip, is largely due to the inadequacy of the assumption 
y
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z
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of linear strain distribution in both the Euler-Bernoulli and Timoshenko beam theories. 
 
 
 
 
 
 
 
 
  Figure ‎3.9: Stresses at the bottom fibre along the length of the beam 
Although it is clearly evident from the Figure ‎3.9 that crack is smeared over a large portion of 
the beam, one of the intents of the current investigation is to examine the post cracking 
response following the formation of a single mid span crack. 
Continuing with conventional analysis, an investigation is carried out into whether the above 
shortcoming may be artificially remedied by assuming elastic cross-sectional properties on 
either side of the cracked section (section x-x). This is represented in the numerical model by 
assuming a larger value of tensile strength, and with the assumption that concrete remains 
within its compressive strength, the compressive response is also taken to be linear elastic. 
Hence, only middle element is found to be cracked along the length of the beam at the load 
level of 120KN as shown in Figure ‎3.10. 
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Figure ‎3.10: Tensile stress at the bottom fibre along the length of the beam 
In an attempt to investigate the objectivity of results upon mesh refinement, the element size 
is reduced to half of the original size. During this exercise, another serious shortcoming is 
found, where the compressive strain above the crack is found to be highly mesh-sensitive, 
leading to the erroneous prediction of concrete compressive failure for relatively fine mesh as 
illustrated in Figure ‎3.11. The reason behind this is that as the element size reduces the 
tensile strain over the cracked element increases, as the crack is smeared over a shorter 
element, and the hypothesis of linear strain distribution causes an increase in compressive 
strain. Therefore, at a load level of 103KN beyond first cracking, progressively smaller 
elements incorrectly lead to compressive crushing, thus violating the objectivity of results 
upon mesh refinement. 
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Figure ‎3.11: Compressive strain distributions in cracked concrete 
3.2.3 Discussion 
In light of the above example, the following deficiencies are identified in the nonlinear 
analysis of RC structures utilising conventional 1D finite element: 
 cracks are not localised in a smeared manner over one or two adjacent elements; 
 crack localisation may be enforced manually, though this would be too cumbersome 
and requires prior knowledge of crack locations; and 
 even when crack localisation is achieved, mesh refinement is not objective in 
respective of the compressive strain, ultimately leading to erroneous compressive 
failure. 
In the following sections, an improved beam-column element, which combines enhanced 
cross-sectional kinematics with a higher order beam–column element, and which addresses 
the above shortcomings for the nonlinear response of RC framed structure, is described and 
verified. 
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3.3 Proposed Element 
3.3.1  General 
Despite the limitations, 1D FE analysis is still the most popular simulation technique in civil 
engineering. Hence, in the current study, it is of particular interest to overcome some of the 
intrinsic limitations of 1D finite elements, as discussed in the previous section, and to predict 
the nonlinear response of RC framed structures as efficiently as possible and as accurately 
as is necessary. Towards this end, the following measures are taken:  
 a 1D line element approach is adopted for modelling the concrete part of a beam-
column segment; 
 a fibre approach is utilised, where cross-sections are divided into layers; 
 the classical Timoshenko beam theory is modified; 
 both geometric nonlinearity and material nonlinearity for concrete, which incorporates 
tension, compression, concrete cracking and tension softening, are included; and 
 cracks are localised by smearing over individual elements, where bond-slip is to be 
modelled explicitly and separately from the concrete element. 
1D FE models can generally be divided into two broad categories: i) layered or fibre 
elements, and ii) non-layered elements. In layered elements, the cross-section is divided into 
small zones where strains are evaluated according to compatibility conditions, and stresses 
are determined from the constitutive law. Although this method is comparatively expensive in 
terms of analysis time, cracking and crushing of concrete and yielding of reinforcement 
across the cross-section depth can be monitored progressively, thereby providing an 
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accurate and realistic representation of the structural behaviour. Furthermore in the layered 
model, two techniques can be employed for modelling steel reinforcement. In the first 
technique, the steel reinforcement is considered as one or more additional layers, which are 
subject to the same compatibility conditions as concrete, thus implying full bond. This 
technique is quite straightforward, but it cannot represent the influence of bond-slip on the 
nonlinear response of RC members. In the second technique, the concrete and steel 
reinforcement are modelled separately by two separate finite elements, allowing the slip of 
the steel element relative to concrete. The construction of the discrete model is marginally 
more difficult and time-consuming in this approach, but this is balanced by the ability to 
model bond-slip effects.  
Selna [42] was amongst the first to report a layered FE analysis of reinforced concrete 
frames. He divided the cross-sections into layers of concrete and steel, which were assumed 
to be governed by a uni-axial stress-strain relationship. Cross-section strains were related 
through the Euler-Bernoulli hypothesis, with plane sections remaining plane. His model also 
included time-dependent strains and deflections, but no comparison between proposed and 
experimental result was presented. Assa and Dhanasekar [43] proposed a layered beam-
column element that has only been used to predict the load deflection response. Their 
approach is also based on the Euler-Bernoulli beam theory, so the transverse shear 
deformation was ignored and slip between steel and concrete was neglected. Oliveira et.al 
[44] developed a layered finite element for reinforced concrete beams with bond–slip effects.  
In this model, it was assumed that the crack position is known a priori. The analysis of the 
generic section between two successive cracks is made by considering that concrete in 
compression and steel in tension are strained according to the Euler-Bernoulli hypothesis. 
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3.3.2 Basic formulation 
To facilitate the presentation of the proposed formulation, Figure ‎3.12 and Figure ‎3.13 show 
a typical layered beam-column cross-section and the deformed configuration along the 
beam-column length. The cross-section is divided into n layers that are numbered 
sequentially, starting from the top of the beam. The reference plane is the middle surface of 
the element.  Each layer is assumed to be under a uni-axial stress state, and the material 
properties of each layer are constant throughout the thickness. Three gauss stations are 
used for the numerical integration of the stiffness matrix and force vector along the length of 
the element. In each layer, monitoring or integration points are considered at mid-thickness, 
and the strain/stress components at these points are assumed to be constant over the 
thickness of each layer. The layers are considered to be firmly bonded with each other, 
hence the distribution of displacement components represent continuous functions with 
respect to the y-direction. The proposed element is developed for rectangular sections only, 
but could be easily extended to other cross-sections. The proposed model allows a complete 
response of concrete from elastic phase, passing by cracking of the concrete and yielding of 
reinforcement, until failure is reached either by crushing of concrete or fracture of steel 
reinforcement. Although the model considers shear deformation, it does not deal with 
complex shear failure phenomena, and is therefore limited to the nonlinear flexural response 
of RC beam-columns.  
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Figure ‎3.12: A typical layered rectangular cross-section 
 
 
 
 
 
 
 
 
 
 
 
Figure ‎3.13: Deformation along beam-column length 
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3.3.3 Local Element Response 
 
 
 Figure ‎3.14: Local freedom and forces of beam-column formulation 
In the local system, the proposed 1D element utilises basic axial, transverse and rotational 
degrees of freedom, which enable the representation of the kinematics of the conventional 
Timoshenko hypothesis, in addition to several other hierarchic freedoms which relax the 
assumption of plane sections remaining plane. The proposed one dimensional concrete 
element is schematically shown in Figure ‎3.14 in a local co-rotational system. In this system, 
the proposed element has three local degrees of freedom; two rotations         relative to 
the element chord at each end of the element, and an axial elongation     of the element. 
Associated with these degrees of freedom are the two end moments         and the axial 
force    . Further hierarchic freedoms are used to define higher-order modes over the cross-
section depth         which in addition to the axial, transverse and rotation fields         
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define the kinematic state of the element. The element freedoms and the corresponding 
resistance forces are represented by the following vectors: 
                                                      
  (3.1)  
                                                                   
  (3.2)  
The reference axis is chosen as the centroidal line, thus implying that the nodal axial 
displacements represent the cross-sectional average, which is relevant both in relation to 
axial support conditions and to displacement continuity for members meeting at an angle. 
Accordingly: 
        (3.3)  
3.3.3.1 Displacement approximation 
It is well established that higher order elements are more accurate than basic elements, 
though there is clearly a balance to be struck in choosing the order of approximation between 
accuracy, efficiency and formulation complexity. Although the number of degrees of freedom 
per element increases with higher order elements, the results are typically more accurate 
than with comparable-size models consisting of basic elements, as higher order elements 
offer better approximation in the displacement and strain fields. 
The proposed formulation incorporates several hierarchic freedoms, leading to higher order 
fields for the axial and transverse displacement fields. The axial displacement along the 
reference centroidal axis is expressed by: 
 
       
  
 
 
         
  
 (3.4)  
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where the relevant freedoms (, m) are illustrated in Figure ‎3.14. The adopted quadratic 
approximation function in the above equation ensures a linear approximation for the 
centroidal axial strain. This is particularly beneficial for RC elements, since a constant 
centroidal axial strain does not guarantee internal axial equilibrium with a constant axial force 
after cracking. The shape functions for axial displacement are illustrated in Figure ‎3.15, 
noting that m is a hierarchic freedom. 
 
 
 
 
 
 
 
 
 
Figure ‎3.15: Shape functions for axial displacement 
Similar to Timoshenko beam elements, the rotation of the cross-section is approximated 
independently of the transverse displacements. Furthermore, to relax the Euler-
Bernoulli/Timoshenko constraint of plane sections remaining plane, three additional fields α, 
β, and λ, with associated freedoms, are included. The consistency of deformation with the 
axial displacement favours these shape functions to be quadratic in x direction: which are 
illustrated in Figure 3.16. 
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Figure ‎3.16: Shape functions for the cross-sectional rotation and additional fields 
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A cubic shape function is used for the transverse displacement field     , which is consistent 
with a quadratic approximation for     , allowing a linear variation of the transverse shear 
strain in accordance with conventional Timoshenko beam theory: 
 
       
  
 
 
    
   
 
    
   
      
  
  
 
    
   
 
    
   
    (3.9)  
The corresponding shape functions are illustrated in Figure ‎3.17. 
.  
 
 
 
 
 
 
 
Figure ‎3.17: Shape functions for transverse displacement 
Further to the standard Timoshenko kinematics, those additional fields are associated with 
higher order approximations along the cross-section depth. Accordingly, the displacement at 
a distance   from the reference axis is expressed as: 
                                                      (3.10)  
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              (3.11)  
The first two components in equation above represent conventional linear variation of the 
longitudinal displacements over the cross-section depth, while the remaining components are 
used to improve the cross-sectional kinematics with higher order functions. With the 
conventional Timoshenko theory allowing constant/linear variation of u(x,y) in y, the 
additional shape functions enrich this approximation up to fourth order, as illustrated in 
Figure ‎3.18. 
. 
Figure ‎3.18: Graphical representation of shape function over cross-section depth 
Shape functions over the cross-section depth, including (                  , are chosen to 
form an orthogonal set, leading to the following expressions for a rectangular cross-section: 
 
       
   
  
  
   
 
   (3.12)  
 
       
   
 
  
     
   
   (3.13)  
 
      
   
  
  
    
  
   
    
  
   (3.14)  
It should be noted that for each shape function in the y direction, one degree of freedom is 
added at the two end nodes and the middle node (Figure ‎3.14). The concept of shape 
function that is used in the above representation can be easily extended to other types of 
approximation in multi-layered beam-column elements. For instance, piecewise linear shape 
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functions can be easily used over the cross-section depth as a replacement to the 
continuous polynomial functions given by eq. (3.12)-(3.14). Piecewise linear functions may 
have certain advantages over polynomial functions, as discussed later in Chapter 5. 
3.3.3.2 Strain-displacement relationship 
In view of the displacement approximation given by eq. (3.10)-(3.11), the relevant strains at 
any point are given by: 
 
     
  
   
  
 
 
 
       
  
       
  
 
       
   
 
 
 (3.15)  
Substituting eq. (3.10) and (3.11), the following explicit expressions are obtained for the 
strains in terms of the nodal freedoms:  
 
     
 
 
 
        
  
     
 
 
 
  
  
      
 
 
 
  
  
     
 
 
 
  
  
      
    
 
 
 
  
  
      
 
 
 
  
  
   
  
 
 
 
  
  
      
    
  
 
     
 
 
      
 
 
 
  
  
      
 
 
 
  
  
   
  
 
 
 
  
  
      
    
 
 
       
   
 
    
 
 
 
  
  
      
 
 
 
  
  
   
  
 
 
 
  
  
     
    
  
 
      
  
 
      
  
         
(3.16)  
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(3.17)  
 or:  
             (3.18)  
where, the terms of [B] matrix are easily extracted from eq. (3.16)-(3.17). 
3.3.3.3 Stress-Strain relationship 
The stresses can now be determined from the material nonlinear constitutive law for 
concrete: 
            (3.19)  
with: 
      
  
   
  (3.20)  
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  (3.21)  
where a tangent modulus matrix      is defined as: 
               (3.22)  
3.3.3.4 Finite element equations 
The principle of virtual work is used to express the discrete conditions of equilibrium and 
formulate the nonlinear element response. This principle states that “the stress, body force 
and traction are in equilibrium if and only if the internal virtual work equals the external virtual 
work for every virtual displacement field”. For the developed element, this can be expressed 
as: 
                             (3.23)  
where the external virtual work is given by: 
            
      (3.24)  
and the internal virtual work is: 
               (3.25)  
Applying the principle of virtual work results in the following typical expressions for the nodal 
resistance forces and tangent stiffness matrix: 
 
           
      
 
 
 
 
  
 
   (3.26)  
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   (3.27)  
where A is the area of each layer. 
3.3.3.5 Integration 
The integrals that appear in the element formulation are evaluated numerically with Gaussian 
quadrature, which replaces the integral by a sum of the integrand found at Gauss points 
times weighting factors for each Gauss point. Numerical integration with Gauss points over a 
normalised 1D domain is typically expressed as: 
 
       
 
  
    
 
   
      (3.28)  
where   is the number of gauss points and   is the integration weighting factor. This scheme 
with n integration points permits the exact integration of polynomials of degree (2n-1) or less. 
In the proposed model, the minimum number of Gauss points over the length that yield exact 
integration for an elastic response is three, since the [B] matrix is quadratic in respect of the 
shear strains. For a nonlinear response, three Gauss points leads to an approximate 
integration over the length, but this is deemed sufficient since several elements are required 
to model one member. Using three point gauss quadrature the element integrals become: 
 
                 
           
 
   
 
   
 (3.29)  
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where n represents the number of Gauss stations, m in the number of cross-section layers 
over a Gauss station, and            , represent respectively the location and weighting factor 
associated with Gauss station j over the element length. For integration with three Gauss 
stations (n = 3): 
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 (3.35)  
3.3.4 Global Element Response 
To incorporate the proposed element in a general nonlinear analysis procedure applied at 
the structural level, it is essential that the global element resistance forces      and the 
associated global tangent stiffness matrix    
   are determined in terms of the global element 
parameters    . In this respect, three transformations are required between the global 
system and the local system used for element formulation. The first is a geometric 
transformation establishing the local element displacements corresponding to a set of global 
displacements. The second is a transformation of the local element forces to global forces, 
with the local forces obtained from local displacements as discussed previously. These two 
transformations essentially establish a relationship between global resistance forces and 
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global displacements. The last transformation operates on the local tangent stiffness matrix 
and establishes the global tangent stiffness matrix [45]. 
3.3.4.1 Determination of local from global parameters 
 
 
 
 
 
 
 
 
 
Figure ‎3.19: Determination of local from global parameters 
Each element has 6 basic global degrees of freedom corresponding to rotational and 
translational displacements at the two element nodes in the two global directions. The 
following geometric transformation applies between the basic global displacement 
parameters    
   and the basic local deformation parameters    , which is a subset of    : 
                
  (3.36)  
    
                      
  (3.37)  
              (3.38)  
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              (3.39)  
 
       
     
                   
   
   
                        (3.40)  
                                           (3.41)  
where            are element global X-axis co-ordinate before and after deformation 
respectively,            are element global Y-axis coordinate before and after deformation 
respectively, and           are orientation of element before and after deformation 
respectively. 
 Figure ‎3.20 depict the element displacement parameters and deformations in the global and 
local reference systems, respectively. 
Figure ‎3.20: Deformations in (a) global and (b) local reference system 
It should be noted that the additional degrees of freedom are the same at local and global 
levels; hence no further transformation is required. The element local and global 
displacements vector includes 19 degrees of freedom are expressed as: 
                                                      
  (3.42)  
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  (3.43)  
3.3.4.2 Determination of global from local forces 
The local element forces      corresponding to      are readily established, as discussed in 
Section 3.3.3.4. To determine the element contribution to global resistance forces      , the 
following transformation is applied to      : 
              (3.44)  
where the [T] matrix can be expressed in partitioned form, separating the additional and 
basic element freedoms, as follows: 
 
     
       
   
       
  (3.45)  
Matrix       accounts for the effects of large displacements and finite rotations, and consists 
of 6x3 terms which have been previously derived by Izzuddin [46]  in an explicit form: 
 
       
 
 
 
 
 
 
 
 
 
 
  
  
  
 
  
  
   
  
  
 
  
  
   
   
  
  
  
  
  
 
  
  
  
  
  
    
 
 
 
 
 
 
 
 
 
 (3.46)  
in which   and   are direction cosines in the deformed configuration. 
Matrices       and       are 6x13 and 13x3 zero matrices, respectively, while       is a 
13x13 identity matrix. 
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3.3.4.3 Determination of global from local tangent stiffness 
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Figure ‎3.21: Graphical representation of global tangent stiffness matrix 
The global tangent stiffness      is a 19x19 matrix and is constructed as illustrated in Figure 
‎3.21.        relates the incremental basic global forces and basic degrees of freedom, and is 
determined through the following transformation [46]: 
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 (3.49)  
where: 
 
   
    
   
     
       
   
      
   
  
      
   
   
     
   
  
 (3.50)  
       is simply identical to the local tangent stiffness matrix relating the incremental 
additional forces and freedoms, while       and         are transformed from local to Global 
using transformation matrix      . 
              
              (3.51)  
where       is the transformation matrix defined in eq (3.46). 
3.4 Example 
The proposed element has been implemented within the nonlinear structural analysis 
program ADAPTIC, developed at Imperial College by Izzuddin [46]. In this section, the same 
example considered previously in Section 3.2 is used for assessing the ability of the newly 
proposed element to address the established shortcomings of conventional elements. It is 
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demonstrated that the proposed element is capable of localising cracks in a smeared manner 
over one or a maximum of two elements. It is also shown that the compressive 
strains/stresses in the concrete above the cracks are convergent with mesh refinement. The 
validation of the proposed element against experimental results, its objectivity of upon 
procedural refinement, and further detailed parametric studies are undertaken in Chapter 5. 
Similar to conventional analysis, different beam-column elements are used to model concrete 
and steel, while a bond link element is used to model bond between steel and concrete, the 
only difference being that the proposed beam-column element is used for concrete instead of 
the conventional element based on the Euler-Bernoulli hypothesis. The material properties 
are the same as given in Table ‎3.1. The cross-section is divided into 50 layers. Under 
gradually increasing point load at mid-span, the first crack appears under the loading point 
(section x-x) at a load of 50KN.  On the other hand, elements adjacent to the cracked 
element on both side remains un-cracked as shown in Figure ‎3.22 and Figure ‎3.23, verifying 
the ability of proposed element to localise cracks. 
 
 
 
 
 
 
Figure ‎3.22: (a) Load-deflection response (cont‟d) 
Chapter3 – A Fibre Beam-Column Element 
 
91 
 
 Figure 3.22: Strain and stress distribution over cross-section (b) x-x (c) y-y (d) z-z 
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Figure ‎3.23:  Tensile (a) strain (b) stress at the bottom fibre along the length of the beam 
Another significant deficiency which was found in conventional analysis is that regions of 
high tensile strains have high compressive strains due to the assumption of plane sections 
remaining plane leading to a linear strain distribution over the cross-section . Accordingly, 
objectivity cannot be achieved in the compressive strains/stresses with mesh refinement, 
particularly in regions where tensile cracks are smeared locally over one or two elements. In 
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such regions, mesh refinement leads to increasing effective tensile strains, and hence to 
increasing compressive strains above the flexural cracks. As shown in Figure ‎3.24, and 
comparing to the results of conventional analysis in Figure ‎3.11, it is clear that the proposed 
element overcomes this deficiency through enrichment with polynomial shape functions in y 
direction. 
 
 
 
 
 
 
 
Figure ‎3.24: Compressive strain distribution in cracked element 
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Chapter 4 
Bond-Slip Modelling 
4.1 Introduction 
The effectiveness of RC material is derived from the combination of concrete that is strong 
and relatively durable in compression with reinforcing steel that is strong and ductile in 
tension. Maintaining combined action requires transfer of stress between concrete and steel. 
This stress transfer is referred to as bond stress and is idealized as a continuous stress field 
that develops in the vicinity of the steel-concrete interface. The stress transfer mechanism 
between reinforcing steel and surrounding concrete through bond and the resulting 
movement (slip) between the reinforcing steel and the surrounding concrete play an 
important role in the non linear behaviour of RC structures. However, the complications in 
simulating the stress transfer between steel and concrete have often restricted structural 
engineering researchers to assume full bond conditions in their earlier studies. This limits the 
failure prediction capability of the model under monotonic and cyclic loads. To address this 
limitation, several studies have been devoted to the modelling of bond between steel and 
concrete and the resulting slip of the reinforcing bar, though a robust and efficient bond-slip 
model is still lacking. 
The following section presents a novel and efficient 1D element to simulate the bond-slip 
behaviour between reinforcing bar and concrete including the influence of large 
displacements, followed by the development of a piecewise bond-slip relationship as a 
modified version of the Eligehausen et al. model [47] . Finally, the proposed steel element 
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and bond-slip material model are implemented into the nonlinear structural analysis program 
ADAPTIC [46], resulting in a powerful tool for the nonlinear analysis of RC structures. 
Numerical simulations, verifying that the proposed element simulates effectively the bond-slip 
behaviour of RC members, are presented at the end of the chapter. 
4.2 Steel Element with Bond-slip 
4.2.1 General 
In contrast to conventional layered elements that adopt the same element for concrete and 
rebar assuming perfect bond, a separate rebar element which accounts for the effect of 
bond-slip is developed. The advantage of this approach is that the bond-slip effect can be 
taken into account while using a layered section method, without the need for defining 
duplicate coincident nodes for concrete and steel to be connected by joint elements that 
model bond-slip. Furthermore, a separate element for the reinforcement, allows the 
consideration of multiple steel bars regardless of location. 
The rebar element considers contributions to the response from two constituents. The first is 
the reinforcing bar, while the second is the interface between the reinforcing bar and 
surrounding concrete. The material behaviour of the model derives entirely from the 
nonlinear constitutive law of these two components. For the reinforcing bar, a cyclic bilinear 
steel stress-strain relationship is utilised, whereas the behaviour of the interface is defined by 
a cyclic bond-stress slip relation that includes a damage factor for representing the 
progressive deterioration of bond. 
4.2.2 Local element response 
In the local system, the proposed 1D rebar element with bond slip is schematically shown in 
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Figure ‎4.1.The proposed element comprises three nodes and a total of 19 degrees of 
freedom. Slip is determined by three freedoms (        ), while the remaining 16 degrees of 
freedom are identical to those used for the concrete element in the previous chapter. 
 
Figure ‎4.1: Local freedoms and forces of steel-bond element 
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The element freedoms and the corresponding resistance forces are represented by the 
following vectors: 
For the steel reinforcement: 
                                                               
  (4.1)  
                                                                               
  (4.2)  
For the bond-slip interface: 
                
  (4.3)  
                   
  (4.4)  
4.2.2.1 Displacement approximation 
The displacement at a distance   from the reference axis to the rebar can be expressed as: 
                                                      (4.5)  
The interpolation functions for                               are the same as described in 
the previous chapter for the concrete element. For the interface, three additional freedoms 
         are introduced. Hence, the interpolation polynomials, illustrated in Figure ‎4.2, for 
the slip displacements are defined as follows: 
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Figure ‎4.2: Shape functions for slip freedoms 
4.2.2.2 Strain-displacement relationship 
The strain in the rebar is expressed by the following equation: 
 
   
       
  
 
   
  
 (4.9)  
Substituting eq. (4.5) to (4.8) into (4.9), the following equation is obtained in terms of nodal 
freedoms: 
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(4.10)  
or:             (4.11)  
where the terms of     vector are easily extracted from eq. (4.10).  
For the interface, since linear kinematics relations are employed, the generalized strain, 
which is the slip, is simply the product of     vector and deformation vector     . 
             (4.12)  
The terms of     vector can be simply obtained from the shape function: 
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This implies: 
 
      
  
 
 
   
  
      
 
 
 
   
  
     
  
 
 
   
  
    (4.16)  
4.2.2.3 Local element response 
In the formulation of the generalized cross-sectional response, a bi-linear constitutive model 
for steel is adopted. For the interface, a piecewise bond slip material model is assumed, the 
details of which are described in next section. The element resistance forces are obtained as 
in terms of the cross-sectional generalised stresses as: 
For the steel reinforcement: 
 
          
       
 
 
 (4.17)  
For the bond-slip interface: 
 
          
       
 
 
 (4.18)  
Similarly, the local tangent stiffness matrix      is obtained as: 
For the steel reinforcement: 
 
           
           
 
 
 (4.19)  
For the bond-slip interface: 
 
           
         
 
 
   (4.20)  
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Where   =steel stress,   =bond stress,   =area of rebar,   =perimeter of the rebar,   =steel 
stiffness,   =bond stiffness, and           are the strain transformation vectors for the steel 
rebar and interface, respectively. 
4.2.2.4 Numerical integration 
All integrals in the element formulation are evaluated numerically with Gauss integration 
scheme. The respective integrals are expressed as: 
For the steel reinforcement: 
 
          
 
   
      
              (4.21)  
 
                 
                 
 
   
 (4.22)  
For the bond-slip interface: 
 
          
 
   
      
              (4.23)  
 
                 
                 
 
   
 (4.24)  
where n represents the number of Gauss station, and           ,represent respectively the 
location and weighting factor associated with Gauss station j.  
4.2.3 Global element response 
To implement the proposed local element in a general nonlinear analysis procedure applied 
at the structural level, the global element resistance forces     and the associated global 
tangent stiffness matrix    
  are determined in terms of the global element parameters     in 
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a very similar way that is adopted earlier in section 3.3.4 in the previous chapter. In this 
procedure, three transformations are involved including geometric transformation 
establishing the local element displacements corresponding to a set of global displacements, 
transformation of the local element forces to global forces, and a transformation operating on 
the local tangent stiffness matrix to establish the global tangent stiffness matrix. 
4.2.3.1 Determination of local from global parameters 
The geometric transformation of basic local freedoms (       ) from global freedoms 
(                 ) are exactly the same as described in section 3.3.4.1. While the 
additional degrees of freedom are the same at local and global levels, hence no further 
transformation is required. 
4.2.3.2 Determination of global from local forces 
The local element forces corresponding to local degrees of freedom are discussed in Section 
4.2.2.4. To determine the element contribution to global resistance forces      , the following 
transformation is applied to      : 
              (4.25)  
where      is obtained as an assembly of force vector      and      representing in eq. (4.2) & 
(4.4) respectively.  
                (4.26)  
The transformation matrix     can be expressed in a partitioned form, separating the 
additional and basic element freedoms, as follows: 
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  (4.27)  
Matrix       accounts for the effects of large displacements and finite rotations, and consists 
of 6x3 terms which have been previously given in Section 3.3.4.2. Matrices       and       
are 6x16 and 16x3 zero matrices, respectively, where as       is a 16x16 identity matrix. 
4.2.3.3 Determination of global from local tangent stiffness 
The Global tangent stiffness    
   is a 22 x 22 matrix and is illustrated in Figure ‎4.3.  
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Figure ‎4.3: Graphical representation of global tangent stiffness matrix 
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The matrix is divided into 4 sections. The first section, matrix       , relates the incremental 
basic global forces and basic degree of freedoms, and is determined from the standard 
procedure as explained in section 3.3.4.3. 
Matrix        is identical to the local tangent stiffness matrix relating the incremental 
additional forces and freedoms. 
               (4.28)  
       is assembled from rebar and interface contribution in the following manner: 
                                               (4.29)  
                                  (4.30)  
                                    (4.31)  
Matrices        and        are transformed from local to global using transformation matrix 
     : 
    
        
    
              (4.32)  
where       is the transformation matrix defined in eq.(4.27). 
4.3 Bond-Slip material model 
4.3.1 Introduction 
A number of bond-slip response models have been proposed on the basis of experimental 
investigation of the bond phenomenon [47-51]. Among these, the model proposed by 
Eligehausen et al. [47] is probably the most general and most explicitly defined. This model 
represents a significant contribution to the modelling of bond response including the 
deterioration of bond capacity under maximum slip and cyclic load histories, particularly 
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defining the bond capacity under a cyclic load history as a function of the energy dissipation. 
A brief review of Eligehausen et al. model is presented first, and then the proposed 
formulation is presented. 
4.3.2 Experimental investigation of Eligehausen et al.  
Eligehausen et al. [47] provides an extensive investigation of bond-slip response of anchored 
deformed reinforcement. The main specimen for his study consisted of a single deformed 
reinforcing bar of nominal diameter 25.4mm, anchored with an embedment length of     in a 
concrete block. Data defining the response of 22 specimens characterise the bond response 
for load histories including monotonic tension and compression, reversed cyclic loading to a 
single maximum slip level, cyclic loading in tension only to a prescribed maximum slip level, 
and reversed cyclic loading to increasing maximum absolute slip levels. Figure ‎4.4 shows the 
range of bond-slip histories for monotonically increasing tensile loading considered. 
 
 
 
 
 
 
 
 
 
 
Figure ‎4.4: Bond-slip response for monotonic load [47]  
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Under monotonically increasing load the bond-slip response is initially relatively stiff with a 
reducing stiffness as the peak bond capacity is approached. Once the bond capacity is 
achieved, increased slip results in a reduced resistance until, at an extreme level of slip, only 
minimal bond capacity is maintained.  
Figure ‎4.5 shows bond stress versus slip for the same specimen subject to cyclic load slip 
history. These results show that upon a slip reversal, there is a rapid loss in bond capacity 
until a moderate resistance to slip in the reversal direction is achieved. This moderate bond 
capacity likely results from friction developed as the bar slips against the surrounding 
concrete. Once slip levels are such that bond forces are transferred to undamaged concrete, 
bond strength and stiffness increase. The bond capacity achieved in the unloading direction 
may not reach the monotonic bond capacity. 
 
 
 
 
 
 
 
Figure ‎4.5: Bond-slip response under cyclic loading [47] 
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4.3.3 Proposed Model 
Largely based on the Eligehausen model [47] , a piecewise linear bond stress – slip model is 
presented in this study as shown in Figure ‎4.6 . 
 
 
 
 
 
Figure ‎4.6: Segments of proposed model 
Upon loading, a bond stress–slip relationship is followed, which is referred to herein as a 
monotonic envelope (path OABC in Figure ‎4.6). On slip reversal, the unloading branch 
follows the path up to the point where frictional resistance,   , is reached (path CD), where 
the unloading path CD is parallel to OA. Further slip in the negative direction takes place 
without an increase in   up to the intersection of the “friction branch” (path DE). Reloading in 
the opposite direction takes place and the path followed is similar to the monotonic curve, but 
with reduced values of   (path EFG). Reversing the slip again at G follows the unloading 
branch and then the frictional branch up to point I. From point I to J a gradual increase in 
bond resistance occur where point J lies on the unloading branch (path CD). At J, the 
reduced envelope is reached and a relationship similar to the monotonic curve is then 
followed but with reduced values of   (path KLM). To complete the model description, details 
for the different branches are given in the following section. 
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4.3.3.1 Monotonic Envelope 
The simplified monotonic envelope, depicted in Figure ‎4.7, consists of following parts: 
 
Figure ‎4.7: Monotonic bond stress-slip curve 
In the Eligehausen model [47], the monotonic envelope consists of an initial nonlinear 
relation; 
 
     
 
  
 
 
 (4.33) 
where α= 0.4.  
In the proposed model, this nonlinear relation is replaced by bi-linear relation. The first 
branch is an elastic part and is represented by the following equation: 
   
 
  
                          (4.34) 
The second branch is defined by the following expression: 
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The rest of the monotonic envelope is same as described by Eligehausen et al. [47].  
The bi-linear branch is followed by a horizontal branch: 
                              (4.36)  
The fourth stem is linearly decreasing up to the value of ultimate frictional resistance: 
      
    
     
                        (4.37)  
The last branch is a plateau branch where the bond stress remains constant and equal to its 
minimum value: 
                           (4.38)  
The recommendations for the characteristic values of the  parameters s1, s2 & s3 and the 
shear strengths 1 and f  for the monotonic envelope curve for the bars embedded in the well 
confined concrete are based on experiments conducted by Eligehausen et al. [47] as given 
below: 
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(4.41) 
        (4.42) 
          (4.43) 
where d is the bar diameter, S and H are the clear spacing and height of lugs on the bar. 
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The values for s1, s2 & s3 and the shear strengths 1 and f  are given in Table ‎4.1for confined 
and unconfined concrete. The values listed are valid for #8 (25.4 mm bar diameter) 
reinforcing bars with concrete strength of 30 MPa. 
Parameters Confined concrete (bar is pushed or pulled) Un-confined concrete 
Bar is pushed Bar is pulled 
S1(mm) 1 0.3 1.0 
S2(mm) 3 0.3 3.0 
S3(mm) 10.5 1.0 10.5 
1(MPa) 20 5.0 13.5 
f(MPa) 7.5 0 5.0 
α 0.4 0.4 0.4 
Table ‎4.1: Parameters for bond stress- slip envelope curve (Eligehausen et al. [47]) 
4.3.3.2 Reduced Envelope 
 
Figure ‎4.8: Reduced envelope 
The reduced envelope is obtained from the monotonic envelope by reducing the bond stress 
values   ,   and    through reduction factors, which are functions of a damage index 
parameter. For no damage (D = 0), the reduced envelope is the same as the monotonic 
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envelope, with D = 1.0 indicating full damage     . The relations proposed by Eligehausen 
et al. [47] take the following form: 
               (4.44)  
               (4.45)  
               (4.46)  
where    ,    and   are the characteristic values on the monotonic curve, and      ,       
and       are the reduced values after   cycles. The damage parameter depends on the 
total energy dissipated by the bond-slip process and is given by: 
 
     
     
 
  
 
   
 (4.47)  
where   is the total energy dissipated calculated by the sum of energy dissipated in previous 
cycles and current cycle in same direction of loading and    is the energy absorbed under 
monotonically increasing slip up to the value   , with: 
                 (4.48)  
   
    
 
 
              
 
                     
              
 
           (4.49)  
where       is the maximum value of previous slip,   is the maximum current slip and σ is the 
stress calculated. 
The frictional bond resistance    for the positive envelope depends on the maximum value of 
previous slip      in the same direction of loading and the ultimate bond resistance        of 
the reduced envelope in the opposite direction [52]. The same is applied for the negative 
envelope. This can be expressed mathematically as: 
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 (4.50)  
where: 
       
  
 
 (4.51)  
where    is the initial bond stiffness. 
4.3.3.3 Unloading and friction branch 
In the Eligehausen model [47],  when the load is reversed at some slip value, unloading 
takes place along a steep straight line until the frictional bond resistance    is reached, while 
in the proposed model the slope of unloading branch (path CD & GH) in Figure ‎4.6  is taken 
as parallel to the elastic part of the curve. The slope of the unloading branch is the same 
throughout the analysis and is not changed by the number of cycles. The friction branch is 
horizontal and it continues to the intersection with the elastic branch. 
4.3.3.4 Reloading branch 
A slight modification is introduced into the Eligehausen model [47] to better account for bond 
stress slip behaviour during reloading. As shown in Figure ‎4.6, a linear reloading branch, 
starting from the point of slip on the elastic branch and leading to the intersection between 
the reduced envelope and unloading curve, is assumed. whereas the model of Eligehausen 
et al. [47] assumes the level of stress to remain constant until reaching the maximum slip 
value imposed during previous cycles. 
4.3.3.5 Implementation 
Finally the proposed bond-slip material model is implemented into ADAPTIC [46] using five 
state variables including previous maximum slip in positive and negative direction, current 
Chapter 4 – Bond-Slip Modelling 
 
113 
 
maximum slip and total energy dissipated in positive and negative direction. 
4.4 Example 
The main aim to present a numerical example in this section is to verify the accuracy and 
effectiveness of the proposed steel rebar element with bond–slip, while validation against 
experimental results and convergence of results upon procedural refinement will be 
discussed in next chapter. For this purpose, the response of anchored reinforcing bars tested 
by Viwathanatepa et al. [48] under monotonic pull-out and push–pull loads is investigated. 
The specimen is a # 8 bar (25.4mm diameter) anchored in a well confined block of concrete 
for 25 bar diameter (635 mm), where two cases are considered. In the first case, the 
specimen is pulled under displacement control at the right-end only, while the in the second 
case, the specimen is pulled at one end and simultaneously pushed at the other. In both 
cases, the surrounding concrete block is assumed to be fully rigid. The effect of the pullout 
cone, which has been observed in the experiments (at one end under pull-out only and at 
both ends under push-pull), is considered (see Figure ‎4.9). 
 
 
 
 
 
Figure ‎4.9: Laboratory specimen tested by Viwathanatepa et al.[48] 
635mm
PP
Formation of cone
Concrete block
Rebar
83.5mm
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The finite element model consists of 20 steel-bond elements illustrated in Figure ‎4.10. All 
concrete nodal displacements are restrained in global X and Y direction as well as rotation 
about global Z axis. Slip freedoms are restrained at the nodes where load is applied either 
pull or pushed. 
Figure ‎4.10: FE mesh discretisation for (a) pull-out and (b) push-pull loading condition 
The material parameters used in the current example are taken from elsewhere [54]. Along 
the confined anchorage zone of the bar, the bond material parameters corresponding to the 
bond-slip material model of Figure ‎4.7 are:                                
                                   The unconfined region is extended for a 
length equal to        at one end of the bar under pull only and at both ends under push-
pull. The bond material parameters for this unconfined region are:                
                                              The yield stress and the initial 
stiffness of the reinforcing bar are                         
      respectively, and a 
hardening ratio of       is considered. The distribution of relative slip and bond stress, strain 
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and axial force in the rebar is presented for pull-out and push-pull loading conditions in order 
to establish the capability of elements.  
 
 
 
 
 
 
 
 
 
 Figure ‎4.11: Load-deflection response 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure ‎4.12: Axial force distribution of reinforcing bar 
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Figure ‎4.13: Axial strain distribution of reinforcing bar 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure ‎4.14: Slip distribution of reinforcing bar 
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Figure ‎4.15: Bond stress distribution along reinforcing bar 
From the numerical study presented in Figure ‎4.12 to Figure ‎4.15 on the response of 
anchored reinforcing bars permit the following observations: 
 The solution of the push-pull case, unlike the pull-case, is symmetric, as expected.  
 By observing the strain in the rebar and the slip, it is clear that there is yielding in the 
rebar where there is significant slip, for both cases, again as expected.  
 The effect of the cone and bond deterioration at large slip is evident from the figure 
depicting the bond stresses.  
  118 
Chapter 5 
Numerical studies under monotonic 
loading 
5.1 Introduction 
To establish the validity of the elements proposed in the previous two chapters, this chapter 
presents comparisons between the achieved numerical predictions and experimental results 
for anchored bars and beam specimens subject to monotonic loading. Similar validation is 
presented in the following chapter for cyclic loading. 
Four applications are presented to demonstrate the accuracy of proposed elements. The first 
two examples validate the bond model using an anchored reinforcing bar under monotonic 
pull-out and push-pull loading. In addition to this two simply supported RC beams are 
investigated with the objective of establishing the ability of the proposed models in simulating 
the bending response of RC beams. The results of present study are also compared with 
those from a 2D numerical model presented by Kwak and Fillipou [13]. In their model, a steel 
element accounting for the effect of bond-slip is embedded inside an eight node serendipity 
plate concrete element. They adopt a nonlinear uni-axial steel model with isotropic 
hardening, a tri-linear bond-slip model and a nonlinear concrete model governed by Kupfer 
criterion [53] according to which the material behaviour of concrete is described by two 
failure surfaces in the biaxial stress space and one failure surface in the biaxial strain space 
assuming concrete is a linear elastic material for stress states which lie inside the initial yield 
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surface while for stresses outside this surface the behaviour of concrete is described by a 
nonlinear orthotropic model, whose axes of orthotropy are parallel to the principal strain 
directions. 
In order to ensure a sound comparison against experimental results, it is also important to 
establish objective measures of convergence in the numerical results. Therefore, the 
convergence and objectivity of the results upon mesh refinement and step size reduction is 
also presented in this chapter. Last but not least, parametric studies are also performed to 
investigate the effect of some parameters on the results. In all applications, uni-axial 
constitutive laws are used to establish the cross-section response in accordance with the 
formulations presented in earlier chapters. The material laws for concrete and steel as well 
as for the interface between steel and concrete are schematically illustrated in Figure ‎3.4 (a 
& b) and Figure ‎4.7,respectively. 
5.2 Axial Loading 
A study presented by Viwathanatepa et al. [48] is one of the first investigations of the load-
deformation response of anchored deformed reinforcement. This investigation considers the 
bond response of reinforcement anchored in a well-confined interior beam-column joint. The 
specimen for this study consists of a single deformed reinforcing bar, with 25.4 mm nominal 
diameter, anchored with a 635 mm development length in a reinforced anchorage block. 
Load is applied either as tension on one projected end of the bar or as tension and 
compression on opposite ends of the bar. This example was considered in Chapter 4 to 
illustrate the prediction characteristics of the bond element, and is used again here to 
validate the element against experimental results and to undertake parametric studies.  
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The geometry of the Viwathanatepa et al. [48] specimen, modelled using the proposed 
concrete and bond element is shown in Figure ‎5.1. Concrete, steel and interface material 
properties are listed in Table ‎5.1 with bold values identifying values are taken from elsewhere 
[54]. The effect of the pullout cone, which has been observed in the experiments (at one end 
under pull-out only and at both ends under push-pull), is considered, extended to a length 
equal to 83.5mm at one end of the bar under pull only and at both ends under pull-push 
condition. 
 
 
 
 
 
 
 
 
 
Figure ‎5.1: Laboratory specimen tested by Viwathanatepa et al.[48] 
The concrete is represented with 16 concrete elements, as presented in chapter 3, for pull-
out only and 12 concrete elements for push-pull as no concrete is assumed for un- confined 
region while anchorage bar is represented with 20 bond elements, as presented in Chapter 
4, for both pull-out and push-pull, each using three Guass integration points. The cross 
635mm
1170mm
PP
Formation of Cone
83.5mm
254mm
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section is divided into 25 concrete Layers. Loading is controlled by a horizontal displacement 
history at one (pull only) or both (pull-push) exposed ends of the bar. In the laboratory, for the 
case of push-pull loading, load was controlled by prescribing a displacement history at the 
pull-end of the reinforcing bar and simultaneously pushed with equal magnitude in force at 
the other exposed end of the bar. Such load control is not possible for the finite element 
model; instead, for the case of push-pull loading, displacement histories are prescribed at 
both ends of the anchored rebar. 
Table ‎5.1: Material parameters for laboratory model tested by Viwathanatepa et al.[48] 
5.2.1 Pull-out loading 
Figure ‎5.2 shows the computed and observed rebar stress versus slip response for the 
loaded end of the reinforcing bar. While Figure ‎5.3 shows the variation of steel stresses 
along the anchorage length of the reinforcing bar at different loading stages. In general, 
these data show a good correlation between the computed and observed responses.  
Concrete Steel 
Interface 
Confined Region Un-confined region 
Name Value Name Value Name Value Name Value 
   22,545 MPa    205,000 MPa    14.85MPa    12MPa 
  
 
 3.52 MPa    468.5 MPa    10.5MPa    6.5MPa 
  
 
 32.54 MPa  1.4%    6.6MPa    4.5MPa 
   0.175N/mm      0.25mm    0.15mm 
       1mm    0.5mm 
       3mm    3mm 
       10.5mm    10.5mm 
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Figure ‎5.2: Stress-slip response of anchored reinforcing bar under pull-out loading 
 
 
 
 
 
 
 
 
 
 
 
Figure ‎5.3: Steel stress distribution along rebar under pull-out (a) End stress =140MPa    (cont‟d) 
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Figure 5.3: Steel stress distribution along rebar under pull-out (b) End stress =275MPa 
 (c) End stress=415MPa     (cont‟d) 
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Figure 5.3: Steel stress distribution along rebar under pull-out (d) End stress=480MPa 
A series of analysis are carried out to establish the converged solutions of the proposed 
bond element with different mesh and load step sizes. Figure ‎5.4 and Figure ‎5.5 demonstrate 
that under monotonic pull-out loading, the results are convergent upon mesh refinement and 
load step size. 
 
 
 
 
 
 
 
Figure ‎5.4: Convergence of steel stress-slip response upon mesh refinement (step size = 0.02mm) 
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Figure ‎5.5: Convergence of steel stress-slip response upon step size refinement (20 elements) 
5.2.2 Push-pull loading 
Consideration is given here to comparison of the predictions of the proposed formulations 
and experimental results for the case of monotonic push-pull loading. Very good agreement 
is observed between numerical and measured steel stress-slip response. Excellent 
agreement is also observed against the results of Kwak and Filippou [13] who employed a 
more demanding modelling approach with 2D finite elements. 
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Figure ‎5.6: Stress-slip response of anchored reinforcing bar under push-pull loading 
Figure ‎5.7 shows the distribution of steel stress along the anchorage length of the reinforcing 
bar at different loading stages, where excellent agreement is observed against experimental 
results, particularly with increasing load. 
 
 
 
 
 
 
 
 
 
Figure ‎5.7: Steel stress distribution along re bar under push-pull loading (a) End stress=80MPa    
(cont‟d) 
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Figure 5.7: Steel stress distribution along rebar under push-pull loading (b) End stress=160MPa 
 (c) End stress =280MPa        (cont‟d) 
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Figure 5.7: Stress distribution along anchored reinforcing bar under push-pull loading 
 (d) End stress = 480MPa (cont‟d) 
The objectivity of the bond element is also studied for this load case, where consideration is 
given to different mesh and load step sizes. The outcomes in Figure ‎5.8 and Figure ‎5.9 
demonstrate that objectivity is indeed achieved for the numerical results that were used 
previously for experimental validation. 
 
 
 
 
 
 
Figure ‎5.8:  Convergence of steel stress- slip response upon mesh refinement  (step size = 0.02mm) 
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Figure ‎5.9: Convergence of steel stress- slip response upon step size refinement 
 (10 elements) 
 
5.2.3 Parametric studies 
In addition to comparing the numerical against experimental results, parametric studies are 
undertaken here to establish the importance of various specimen characteristics on the 
predicted response. The anchored reinforcing bar is modelled by 25 bond elements with 
three Guass integration points each. Concrete is considered as a rigid body. The finite 
element discretisation is shown in Figure ‎5.10. All concrete nodal displacements are 
restrained in global X and Y direction as well as rotation about global Z axis. Slip freedoms 
are restrained at the nodes where load is applied either pull or pushed. 
Figure ‎5.10: FE disretisation of anchored bar 
1 2 3 4 5 6 7 8 9 10 11 12 14 15 16 17 18 19 20 21 22 23 24 25 2613
25 Elements
L
Chapter 5– Numerical studies under monotonic loading 
 
130 
 
The bond material parameters corresponding to the bond-slip law taken from another study 
[54] are: e = 6.6MPa, 1=14.85MPa, 3=6.6MPa, se=0.25mm, s1=1mm, s2=3mm, s3=10.5mm. 
The initial stiffness of the reinforcing bar is E=205000MPa while yield strength, strain 
hardening ratio and length of the bar is changed according to parametric investigation. 
5.2.3.1 Effect of steel hardening on spread of yielding under pull-out 
A parametric study is undertaken to investigate the spread of yielding at different strain 
hardening ratios for the reinforcing bar, considering values of 1.4%, and 7% for the non-
dimensional strain hardening parameter Figure 3.4. 
 
 
 
 
 
 
 
 
 
 
Figure ‎5.11: Rebar stresses versus slip at pull out end (=1.4%) 
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Figure ‎5.12: Rebar strain versus slip at pull out end (=1.4%) 
 
 
 
 
 
 
 
 
 
Figure ‎5.13: Slip along length versus slip at pull-out end ( = 1.4%) 
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Figure ‎5.14: Rebar stresses versus slip at pull-out end ( = 7%) 
 
 
 
 
 
 
 
 
 
 
Figure ‎5.15: Rebar strain versus slip at pull-out end ( = 7%) 
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Figure ‎5.16: Slip along length versus slip at pull out end ( = 7%) 
Considering the results for µ=1.4% and µ=7%, it is clear that the yield penetration for a 
specific level of end slip is more pronounced as the hardening ratio increases and the greater 
steel strain concentration at the loaded end at the same level of slip . For µ=1.4%, element 
20 experiences yielding only when the slip at pull-out end reaches 9 mm (Figure ‎5.11), while 
the difference in relative slip value between nodes 26 and 21 is about 9 mm (Figure ‎5.13), 
implying that about 90% of the pull-out displacement stems from the extension of the first 5 
diameter segment of the bar. For µ=7%, element 20 experiences yielding when the pull-out 
at node 26 reaches only about 2 mm(Figure ‎5.14), with element 15 also experiencing 
yielding at a pull-out displacement of 7 mm. At the final pull-out, slip is more spread over 
almost half of the bar, where the difference in slip between nodes 26 and 21 is about 5 mm, 
and that between nodes 21 and 16 is about 4 mm, indicating that about 90% of the pull-out 
displacement stems from the extension of the first10 diameter segment of the bar. 
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5.2.3.2 Effect of yield strength, anchorage length, hardening ratio under pull-
out 
The results of a parametric study considering the anchored rebar with different anchorage 
length, yield strength and strain hardening ratios under monotonic pull-out are illustrated in 
Figures 5.17 to 5.19. The following values are used in the parametric study: 
a) the anchorage length is varied over 15, 20, 25 and 30 bar diameters; 
b) the steel strain hardening ratio assumes values of 1.4%, 3.5% and 7% ; 
c) the yield strength assumes values of 380MPa and 550MPa. 
For strain hardening ratios µ=1.4% and µ=3.5% the reinforcing bars show stable behaviour 
up to a slip of 10 mm for all four anchorage lengths, i.e. no pull-out takes place, as is evident 
by the absence of any strength loss in the stress-slip relations in Figure 5.17 and Figure 5.18 
only exception is the shortest bar with an anchorage length of 15 bar diameters and the 
larger strain hardening ratio of 3.5%, which pulls-out of the anchorage block at a slip of 
around 9 mm and 6 mm for yield strengths of 380MPa and 550MPa, respectively. This is as 
expected, since the shorter anchorage length develops only a limited amount of bond, which 
is clearly overcome at a rebar stress of around 800MPa. Also as expected, the amount of slip 
is inversely related to the rebar yield strength for a specific rebar stress exceeding yield, 
which accounts for complete pull-out at a lower slip for the rebar with a greater yield strength. 
For a strain hardening ratio µ=7%, there are more cases of loss of strength and pull-out at 
relatively lower slip but similar rebar stress of around 800MPa (Figure 5.19). For a low yield 
strength value of 380MPa, only the bar with an anchorage length of 15 bar diameters 
completely pulls out at within the considered range of slip at a displacement of around 6mm. 
For the higher yield strength of 550MPa, the bar with an anchorage length of 20 bar 
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diameters completely pulls out at a slip of around 8 mm, while the shorter bar pulls out at a 
slip of a little less than 4 mm. In yield strength cases, the reinforcing bars with anchorage 
lengths of 25 and 30 bar diameters do not pull-out within the considered range of slip of up to 
10 mm. 
This parametric study confirms the observations from earlier studies [54] that both the yield 
strength and strain hardening ratio of the reinforcing steel are key parameters that affect slip 
which in turn determines the effective anchorage length. 
 
 
 
 
 
 
 
 
Figure ‎5.17: Effect of yield strength on anchored bar (  = 1.4% ,fy=380MPa)    (cont‟d) 
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Effect of yield strength on anchored bar (  = 1.4% ,fy=550MPa) 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure ‎5.18: Effect of yield strength on anchored bar ( = 3.5%, fy=380MPa)   (cont‟d) 
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Figure 5.18: Effect of yield strength on anchored bar ( = 3.5%, fy=550MPa) 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure ‎5.19: Effect of yield strength on anchored bar ( = 7%, fy=380MPa)      (cont‟d) 
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Figure 5.19: Effect of yield strength on anchored bar ( = 7%, fy =550MPa) 
5.2.3.3 Effect of yield strength, anchorage length, hardening ratio under push-
pull 
The response of the anchored rebar is more profoundly affected by the yield strength, the 
strain hardening ratio and the anchorage length under a push-pull loading condition. A 
parametric study is considered here by varying the strain hardening ratio, yield strength and 
anchorage in an identical manner to the previous section, where the results are shown in 
Figure ‎5.20 to Figure ‎5.22. 
For push-pull loading, bars with an anchorage length of 25 or 30 bar diameters completely 
pull out before a slip of 10 mm for both yield strengths of 380MPa and 550MPa when the 
strain hardening ratios exceeds 3.5% (Figure ‎5.21 and Figure ‎5.22). On the other hand, bars 
with an anchorage length of 15 or 20 bar diameters completely pull out within the considered 
range of slip even for the lowest strain hardening ratio of 1.4% (Figure ‎5.20 to Figure ‎5.22). 
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Figure ‎5.20: Effect of yield strength on anchored bar µ =1.4% (a) fy=380MPa (b) fy=550MPa 
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Figure ‎5.21: Effect of yield strength on anchored bar µ = 3.5% (a) fy=380MPa (b)=fy=550MPa 
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Figure ‎5.22: Effect of yield strength on anchored bar µ = 7% (a) fy =380MPa (b) fy= 550MPa 
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5.3 Bending under transverse loading 
The next phase of models validation focuses on predicting the response of reinforced 
concrete beams subjected to flexural loading, where consideration is given to the specimen 
beam T1MA tested by Gaston [55] and J4 tested by Burns and Siess [40]. The computed 
response is compared with the behaviour observed in the laboratory considering the global 
load-displacement response, crack patterns and the distribution of strain in the longitudinal 
reinforcement. To investigate the effect of bond slip on cracking behaviour of beam, two case 
studies A and B are conducted with comparatively low and high bond strengths. Additionally, 
a parametric study is conducted to determine the effect of various model parameters on the 
computed response. The material properties for concrete, steel and the bond-slip interface 
are summarized in Table ‎5.2, with bold numbers identifying values are taken from elsewhere 
[4]. The bond stress-slip relation for beam J4 and T1MA are same since the concrete 
composition and strength of the two specimens is not much different. 
Table ‎5.2: Material properties for beam J4 and T1MA 
 
Concrete  Steel  Interface  
Name Value Name Value Name Value 
J4 T1MA J4 T1MA case study A case study B 
        26,200 26,620         203395 194,500         1.17 
 
1.97 
   
 
      2.4 2.34         309.65 317.2         0.27 
 
0.27 
   
 
      33.24 31.72 (%) 0 0         0.5 
 
0.5 
          .0875 .0875      
   1020 258        0.005 
 
0.005 
              0.02 
 
0.02 
              0.15 
 
0.15 
              3 
 
3 
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5.3.1 Beam J4 
Specimen J-4 consists of a simply supported beam with a span of 3.66 m which is subjected 
to a concentrated load at mid span. The geometry and the cross section of beam J-4 are 
shown in Figure ‎5.23, representing only half of the structure due to symmetry in geometry 
and loading. The beam is reinforced with steel ratio of 1% corresponding to 2#8 bars. 
 
 
 
 
 
Figure ‎5.23: Configuration of beam J-4 
An initial mesh of 20 elements for concrete and steel each having three gauss points is used 
to predict the response of beam J4 as illustrated in Figure 5.24. The cross section is divided 
into 50 concrete Layers. 
 
Figure ‎5.24: FE discretisation of beam J4 
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This investigation considers two levels of mesh discretisation (a coarse mesh of 20 elements 
and a fine mesh of 40 elements), three representations of bond response (a model with 
perfect bond, and two models corresponding to bond cases A and B), and two different load 
step sizes. The computed response is presented hereafter in terms of the global load-
displacement response, the concrete crack pattern, and the strain and stress distribution in 
steel. 
Simulation of cracking is an important requirement for modelling RC members. While this is 
considered with finite elements based on the conventional smeared crack approach 
assuming full bond, such an approach typically neglects the localization of cracks and their 
influence on strain concentration in the steel reinforcement. The proposed approach 
addresses this shortcoming through the explicit consideration of bond-slip, which permits 
crack localisation via smearing over one or two elements at the crack zone. The proposed 
models are therefore capable of simulating progressive cracking in the RC beam under 
consideration, where the results in Figure ‎5.25 and Figure ‎5.26 show the formation of cracks 
in the beam for the low and high bond cases using the fine mesh of 40 elements. These 
results confirm that high bond leads to the formation of more cracks, even if the influence on 
the overall load-deflection response is not significant. Here cracks in the concrete form with 
an average spacing of 320mm. 
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Figure ‎5.25: Beam J4:  bottom strain in concrete (40 elements) 
 
 
 
 
 
 
 
 
Figure ‎5.26: Beam J4 : bottom stress in concrete (40 elements) 
Figure ‎5.27 to Figure ‎5.30 show the strain and stress distribution for the longitudinal 
reinforcing steel at specific points in the load history before and after the yielding 
respectively. These results correspond well to the formation of cracks along the length of the 
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beam. Since strain hardening is ignored, yielding of the reinforcement is restricted to the 
cracked region; this has implications on the objectivity of steel strain predictions across the 
crack, as demonstrated later. 
 
 
 
 
 
 
 
Figure ‎5.27: Beam J4: strain in steel before yielding of rebar (40 elements) 
 
 
 
 
 
 
 
 
 
 
 
Figure ‎5.28: Beam J4: stress in steel before yielding of rebar (40 elements) 
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Figure ‎5.29: Beam J4: strain in steel after yielding of rebar (40 elements) 
 
 
 
 
 
 
 
Figure ‎5.30: Beam J4: stress in steel after yielding of rebar (40 elements) 
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The global load-displacement history as computed using 20 elements for cases A and B as 
well as full bond are compared with the experimental response in Figure ‎5.31. The 
predictions of the proposed elements compare generally well against the experimental 
results. Prior to yielding of the reinforcing steel at a load of around 150kN, the results show 
that inclusion of bond-slip effect leads to a more flexible response, and the case of lower 
bond strength is associated with a marginally lower resistance, as expected. 
 . 
 
 
 
 
 
 
 
Figure ‎5.31: Load - deflection response of beam J4 
Figure ‎5.32 demonstrates the objectivity of the load-deflection response of the beam using 
the finer mesh of 40 elements. Similarly, the results in Figure ‎5.33 demonstrate the load-
deflection response is objective with respect to the step size. 
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Figure ‎5.32: Objectivity of load-deflection response with mesh refinement  
(case study A, step size=0.025mm) 
 
 
 
 
 
 
 
 
 
 
Figure ‎5.33: Objectivity of load-deflection response with step size refinement  
(case study A, 20 elements) 
Notwithstanding the demonstrated objectivity of the load-deflection response, the prediction 
of steel strain is objective up to the point of yielding, but loses objectivity with mesh 
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refinement after yielding, as demonstrated in Figures 5.34 and 5.35. This is expected when 
strain hardening is completely ignored, since yielding is then restricted to the cracked region, 
which leads to a singularity in the steel plastic strains as the crack is smeared over shorter 
elements. In reality, steel reinforcement exhibits strain hardening, which removes this 
singularity, and this is well-predicted by the proposed elements, where it is evident from the 
results in Figure ‎5.36 and Figure ‎5.37 for a strain hardening ratio of 5% that objectivity is now 
achieved with mesh refinement. This demonstrates the ability of the newly proposed 
elements to predict failure of RC beams by reinforcement failure, where the evaluation of the 
steel strains and their comparison against the ultimate fracture strain would be used as a 
failure criterion. 
 
 
 
 
 
 
 
 
Figure ‎5.34: Beam J4: strain in steel before yielding of rebar  
       (µ=0%, case study A, step size=0.025mm)   
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Figure ‎5.35: Beam J4: strain in steel after yielding of rebar 
              (µ=0%, case study A, step size=0.025mm) 
 
 
 
 
 
 
 
 
Figure ‎5.36: Beam J4: strain in steel before yielding of rebar  
          (µ=5%, case study A, step size=0.025mm) 
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Figure ‎5.37: Beam J4: strain in steel after yielding of rebar 
           (µ=5%, case study A, step size=0.025mm) 
5.3.2 Beam T1MA 
The geometry and cross section dimensions of beam T1MA are presented in Figure ‎5.38. 
Like the previous test specimen only half of the structure is modelled, because of symmetry 
in geometry and loading arrangement. The beam is reinforced with 2#4 bars of total 
perimeter 79.8mm. 
 
Figure ‎5.38: Configuration of beam T1MA 
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An initial mesh of 12 elements for concrete and steel each having three gauss points is used 
to predict the response of beam T1MA as illustrated in Figure ‎5.39. The cross section is 
divided into 50 concrete Layers. 
 
 
 
 
 
Figure ‎5.39: FE discretisation of beam T1MA 
Similar to beam J4, the global load-displacement response, the concrete crack pattern and 
the strain and stress distribution in steel for beam T1MA are obtained. Comparison of the 
observed and computed response for this reinforced concrete beam subjected to flexural 
loading is generally favourable. 
 Figure ‎5.40 and Figure ‎5.41 show the formation of cracks in the beam for the low and high 
bond cases using the fine mesh of 24 elements. These results confirm that the influence of 
increase bond strength is to increase the resistance, which it can be associated with more 
cracks at specific displacements, and that for the same displacement and number of cracks 
the strains in the steel reinforcement would be greater. Here cracks in the concrete form with 
an average spacing of 230mm. 
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Figure ‎5.40:  BeamT1MA: bottom strain in concrete (24 elements) 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure ‎5.41: Beam T1MA: bottom stress in concrete (24 elements) 
 
Figure ‎5.42 to Figure ‎5.45 show the strain and stress distribution for the longitudinal 
reinforcing steel of beam T1MA at specific points in the load history before and after the 
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yielding respectively. These results relate to the formation of cracks along the length of the 
beam.  
 
 
 
 
 
 
 
Figure ‎5.42: Beam T1MA: strain in steel before yielding (24 elements, case study B) 
 
 
 
 
 
 
 
 
Figure ‎5.43: Beam T1MA: stress in steel before yielding (24 elements, case study B) 
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Figure ‎5.44: Beam T1MA: strain in steel after yielding (24 elements, case study B) 
 
 
 
 
 
 
 
Figure ‎5.45: Beam T1MA: stress in steel after yielding (24 elements, case study B) 
The correlation between the measured load-displacement curve of the beam and numerical 
results is shown in  Figure ‎5.46 for beam T1MA. The bond-slip parameters from case study A 
clearly offer a better representation of the experimental results. 
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. 
 
 
 
 
 
 
 
 
 
Figure ‎5.46: Load-Deflection relationship of beam T1MA 
There is an initial discrepancy in the load-deflection response between the numerical and 
experimental results. Kwak and Filippou [13] suggest that the specimen was possibly pre-
cracked before loading which seem reasonable. 
Figure ‎5.47 and Figure ‎5.48 show the computed load-displacement history for the beam 
T1MA using the finer mesh and smaller load step size, respectively. Despite the 
demonstrated objectivity of the load-deflection response, it is of paramount importance to get 
objectivity in steel strains before and after yielding. Hence, objectivity in steel strains along 
the length of the beam is considered next for µ =0% and 5%.  
When strain hardening is ignored completely, not only the prediction of steel strain is un- 
objective after yielding (Figure ‎5.50), but the crack pattern is also different. This is because 
the original mesh is too coarse. Thus reducing the element size further and for a strain 
hardening ratio of 5%, objectivity is now achieved with mesh refinement before and after 
yielding (Figure ‎5.51 and Figure ‎5.52). 
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Figure ‎5.47: Objectivity of load-displacement response with mesh refinement of beam T1MA 
 (Case study A, load step size=0.025mm) 
 
 
 
 
 
 
 
 
 
 
 
Figure ‎5.48: Objectivity of load-deflection response with load step size of beam T1MA 
 (Case study A, number of elements =24) 
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Figure ‎5.49: Beam T1MA: strain in steel before yielding of rebar  
                   (µ=0%, case study B, step size=0.025mm) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure ‎5.50: Beam T1MA: strain in steel with µ=0% after yielding of rebar  
           (µ=0%, case study B, step size=0.025mm) 
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Figure ‎5.51: Beam T1MA: strain in steel with µ=5% before yielding of rebar 
    (µ=5%, case study B, step size=0.025mm) 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure ‎5.52: Beam T1MA: strain in steel with µ=5% after yielding of rebar  
             (µ=5%, case study A, step size=0.025mm) 
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5.3.3 Parametric Studies 
Of interest to this study are parameters that influence the flexural response of RC beams, 
including the shear retention factor and the additional hierarchic displacement fields over the 
cross-section depth. Consideration is given in the following parametric studies to beam J4 
with a mesh of 20 elements and bond case A. 
5.3.3.1 Effect of shear retention factor 
When a flexural crack develops in concrete, transverse shear can still be transferred by 
concrete in the crack zone via aggregate interlock, though the corresponding shear stiffness 
is reduced. To consider this effect, a shear retention factor is normally included in the post-
cracking range of concrete, which is defined as: 
       (5.1)  
Where   is the shear retention factor,   is the shear modulus before cracking, and   is the 
modified shear modulus.  
Some researchers used constant values of   in their models [56, 57], while others assumed 
that that the shear modulus decreases with the crack width reaching a very small value after 
a specific crack width [58]. In this study, constant values of   equal to 0, 0.25, 0.5, and 1.0 
are considered. Additionally, a variable   is considered to represent the effect of increasing 
crack width: 
 
     
 
  
 
 
 
(5.2)  
where   is the smeared crack strain, and   is the limiting value beyond which   becomes 
zero. 
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Figure ‎5.53 shows the influence of the shear retention factor on the response of beam J4. As 
expected, larger shear retention is association with a marginal increase in resistance. 
Furthermore, similar results are obtained for the cases of variable and full shear retention 
factors, which is a reflection of the limited cracking over the beam specimen. Finally, while 
the overall response is not very sensitive to the specific value of the shear retention factor, a 
non-zero value should be used so as to avoid numerical difficulties. 
 
 
 
 
 
 
 
Figure ‎5.53: Effect of shear retention factor on the response of beam J4 
5.3.3.2 Piecewise versus polynomial distribution in Y direction 
In Chapter 3, hierarchic displacement functions of a polynomial form were proposed to 
overcome the assumption of plane cross-sections and enrich the longitudinal displacement 
field over the cross-section depth. Alternative hierarchic function of a piecewise linear form 
may also be used, and these can be beneficial particularly to capture slope discontinuity of 
cracked cross-sections. Here, comparison is undertaken between the predictions obtained 
with polynomial and piecewise linear function of an equivalent order. 
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The three piecewise functions replacing the quadratic, cubic and quartic polynomial functions 
over the cross-section depth are respectively defined as: 
      
                                          
                                        
  
(5.3)  
 
    
 
 
 
 
                                                    
 
 
  
                                                          
 
 
   
 
 
                                                
 
 
  
(5.4)  
 
    
 
 
 
 
 
 
                                                    
 
 
  
                                            
 
 
                                      
 
 
    
                                                
 
 
  
(5.5)  
Figure ‎5.54 compares the piecewise linear fields with their polynomial counterparts. 
 
 
 
 
 
 
 
 
 
 
Figure ‎5.54: Hierarchic linear and polynomial functions 
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To compare the results of polynomial and piecewise distribution, the beam J4 tested by 
Burns and Siess [40] is investigated again. The details of beam J4 can be found in section 
5.3.1.  Figure ‎5.55 compares the load-deflection response of beam J4 obtained using the two 
types of hierarchic cross-sectional approximation, where almost identical results are 
achieved. A similar favourable comparison is observed in Figure ‎5.56 for the crack strain 
(indicating crack development) and the steel reinforcement stress and strain. 
 
 
 
 
 
 
 
 
 
 
Figure ‎5.55: Load- Deflection response of beam J4 
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Figure ‎5.56: Beam J4: Strain in concrete at bottom fibre (Case study A, 20 elements) 
 
 
 
 
 
 
 
 
Figure ‎5.57: Beam J4: Stress in concrete at bottom fibre (Case study A, 20 elements) 
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Figure ‎5.58: Beam J4: Strain in steel (Case study A, 20 elements) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure ‎5.59: Beam J4: Strain in steel (Case study A, 20 elements) 
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Figure 5.60 and Figure 5.61 show the distribution of the normal strain for the mid span 
cracked element and the element adjacent to it, where again a good comparison is observed 
between the solutions obtained with hierarchic polynomial and piecewise linear functions. It 
is clear that both types of approximation represent equally well the smeared crack in the mid 
span element, and importantly they enable crack localisation without causing unrealistic 
compressive strains in the concrete. Given the favourable comparison between the two types 
of approximation, the polynomial hierarchic approximation is employed for the remainder of 
this work, unless stated otherwise. 
 
 
 
 
 
 
 
 
 
 
Figure ‎5.60: Normal strain distribution in mid span cracked element 
 
 
 
 
 
 
Chapter 5– Numerical studies under monotonic loading 
 
168 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure ‎5.61: Normal strain distribution in element adjacent to crack 
  169 
Chapter 6 
Numerical Studies under Cyclic 
Loading 
6.1 Introduction 
This chapter presents two examples with the objective of establishing the ability of the 
proposed elements to simulate the hysteric behaviour of RC members. 
The first example is an anchored reinforcing bar for which the response is presented for 
cycles before and after the onset of yielding of the reinforcing steel. Attention is also devoted 
in investigating the response of the anchored bar to the sensitivity to anchorage length, yield 
strength, and hardening ratio. These studies also address the importance of including the 
effect of progressive damage in the bond-slip relationship. 
The second example is a cantilevered beam subjected to cyclic flexural loading through a 
point load at the cantilever tip. The obtained results show that the developed element 
formulations and bond-slip models can adequately predict the cyclic response under axial 
and bending deformations. 
6.2 Anchored rebar under cyclic push-pull 
Viwathanatepa et al. [48] tested several anchored reinforcing bars simulating anchorage and 
loading conditions in interior beam-column joints. One of these specimens, a #8 reinforcing 
bar anchored in a well confined concrete block of 635mm describing anchorage behaviour 
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under cyclic loading, is selected in this study to compare the observed behaviour with 
numerical results. The load history is defined by forcing both exposed ends of the anchored 
bar through a displacement path that consists of cycles at an increasing amplitude.  
 
 
 
 
 
 
Figure ‎6.1: Laboratory specimen tested by Viwathanatepa et al.[48] 
The finite element model consists of 25 steel-bond elements, each integrated with three 
Gauss points, without any concrete elements (i.e. assuming concrete to be a rigid body 
except for the bond-slip interface). All concrete nodal displacements are restrained in global 
X and Y direction as well as rotation about global Z axis. Slip freedoms are restrained at the 
nodes where load is applied either pull or pushed. The first and last four elements represent 
the unconfined region due to cone formation, as illustrated in Figure ‎6.1. 
635mm
PP
Formation of cone
Concrete block
Rebar
83.5mm
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Figure ‎6.2: FE mesh for anchored bar under cyclic push-pull 
In order to facilitate the direct comparison with the experimental results, the numerical results 
are reported here in the American System of Units. The properties of the bond-slip 
relationship are shown in Table ‎6.1. The maximum bond stress, frictional bond stress and 
their corresponding slip values are taken from elsewhere [48].  Young‟s modulus of 
reinforcing steel is taken as 29.275ksi, while the yield strength and strain hardening ratio are 
68ksi and 1.4%, respectively. 
                        (in)                          
Confined region 0.001 0.04 0.04 0.2 0.9 2.26 0.39 
Un-confined region 0.001 0.04 0.04 0.2 0.35 0.65 0.15 
Table ‎6.1: Properties of bond-slip relationship 
6.2.1 Comparison with experimental results 
The observed and numerical results are shown in Figure ‎6.3 and Figure ‎6.4 for the bar end 
that is subjected to cyclic displacement before and after the yielding of steel, respectively. 
The numerical results confirm that the proposed elements are capable of simulating well the 
response of anchored reinforcing bars, including loading, unloading and reloading, the 
maximum anchorage resistance, and the deterioration of this resistance with increasing 
1 2 3 4 5 6 7 8 9 10 11 12 14 15 16 17 18 19 20 21 22 23 24 25 2613
25 Elements
635mm
Un-confined region Un-confined regionConfined region
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levels of slip.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure ‎6.3: Stress-slip response before yielding of steel (a) Experimental results (b) Numerical results 
(c) Kwak and Filippou results[13] 
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Figure ‎6.4: Stress-slip response after yielding of steel (a) Experimental results (b) Numerical results (c) 
Kwak and Filippou results[13] 
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The steel stress distribution along the anchorage length of the reinforcing bar is shown in 
Figure ‎6.5, where the results of the proposed model are in good agreement with 
experimental findings. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Figure ‎6.5: Stress distribution along anchored reinforcing bar under cyclic push-pull loading  
(a) first cycle (b) fourth cycle (cont‟d) 
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Figure 6.5: Stress distribution along anchored reinforcing bar under cyclic push-pull loading  
(c) seventh cycle (d) first cycle after yielding  
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6.2.2 Objectivity of results 
The objectivity of the results under cyclic push-pull is also studied, where consideration is 
given to different mesh and load step sizes. Figure ‎6.6 and Figure ‎6.7 confirm that objectivity 
is achieved for the numerical results that were used previously for experimental validation. 
 
 
 
 
 
 
 
 
 
Figure ‎6.6: Convergence of results upon mesh refinement (time step = 0.0478 sec) 
 
 
 
 
 
 
 
 
 
Figure ‎6.7: Convergence of results upon load step size (25 elements) 
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6.2.3 Parametric studies 
In order to gain a better understanding of the influence of various parameters on the 
hysteretic behaviour of an anchored reinforcing bar under cyclic push-pull loading, a 
sensitivity study is carried out by varying major parameters. 
The properties of the bond stress-slip relation are: se=0.25mm, s1=1mm, s2=3mm, 
s3=10.5mm, e= 6MPa, 1=1.2MPa, 3= 3MPa. Young‟s modulus of reinforcing steel is 
equal to 205000MPa, while the yield strength and strain hardening ratio are subjected to 
parametric variation. 
The FE model of the anchored reinforcing bar consists of 25 elements with three integration 
points in each element as already shown in Figure ‎6.2. The hysteretic response in terms of 
the hysteretic stress-slip relation is evaluated at the end of the anchored bar. 
6.2.3.1 Effect of yield strength, anchorage length and hardening ratio 
The objective of the parametric study is to investigate the sensitivity of the hysteretic 
behaviour of the anchored bar relative to the following three parameters: 1) anchorage 
length, 2) yield strength of reinforcing steel, and 3) steel strain hardening ratio. The following 
values are used in the parametric studies: 
d) The anchorage length is equal to 15, 25 and 35 bar diameters. 
e) The steel strain hardening ratio assumes values of 1.4%, and 3.5%. 
f) The yield strength assumes values of 380, 470 and 550MPa. 
Figure ‎6.8 presents the cyclic push-pull effect on the hysteretic behaviour of an anchored 
reinforcing bar with an anchorage length of 15 bar diameters. Since the anchorage length is 
insufficient to transfer the imposed stresses at the ends of the anchored bar, the bar slips 
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through the anchorage block before yielding of the reinforcement. Consequently, the change 
in the material parameters of reinforcing steel does not affect the hysteretic behaviour of the 
anchored bar. This behaviour is, thus, dominated by the adopted bond stress-slip relation.  
 
 
 
 
 
 
 
Figure ‎6.8:  Cyclic push-pull effect on bar with anchorage length of 15 bar diameters 
Figure ‎6.9 and Figure ‎6.10 present the effect of yield strength and strain hardening ratio of 
reinforcing steel on the hysteretic behaviour of an anchored reinforcing bar with an 
anchorage length of 25 bar diameters. 
Figure ‎6.9 indicates that for a strain hardening ratio of 1.4% the reinforcing bar with yield 
strength of 380MPa does not show signs of pull-out. While the resistance deterioration of the 
anchored reinforcing bar is more rapid for higher values of yield strength and hardening ratio 
(Figure ‎6.9 and Figure ‎6.10). This is expected, since the axial force sustained by the bar 
under the prescribed cyclic axial displacement is greater for bars with greater yield strength 
and/or strain hardening, leading to greater demands on the bond resistance.  
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Figure ‎6.9: Effect of yield strength on cyclic push-pull of anchored bar L =25d µ=1.4% 
(a) fy=380MPa (b) fy=470MPa (c) fy=550MPa 
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Figure ‎6.10: Effect of yield strength on cyclic push-pull of anchored bar L =25d µ=3.5% 
(a) fy=380MPa (b) fy=470MPa (c) fy=550MPa 
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 Figure ‎6.11and Figure ‎6.12 present the effect of yield strength and strain hardening ratio of 
reinforcing steel on the hysteretic behaviour of an anchored reinforcing bar with an 
anchorage length of 35 bar diameters. Evidently, despite significant slip at both ends, there is 
sufficient bond for this long anchored bar to prevent a complete pull-out under cyclic 
deformation for all considered values of yield strength and strain hardening. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure ‎6.11: Effect of yield strength on cyclic push-pull of anchored bar L =35d µ=1.4%  
(a) fy=380MPa (b) fy=470MPa (cont’d) 
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Figure 6.11: Effect of yield strength on cyclic push-pull of anchored bar L =35d µ=1.4%  
(c) fy=550MPa  
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure ‎6.12: Effect of yield strength on cyclic push-pull of anchored bar L =35d µ=3.5% (a) fy=380MPa 
(cont‟d) 
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Figure 6.12: Effect of yield strength on cyclic push-pull of anchored bar L =35d µ=3.5%  
 (b) fy=470MPa (c) fy=550MPa  
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6.2.3.2 Effect of bond damage on hysteric behaviour 
In this section, analysis with a given set of parameter values is performed twice: firstly with a 
bond stress-slip relation that does not include damage, so that the original envelope values 
of the bond stress-slip relation remain the same during the loading history, and secondly with 
a bond slip-relation that includes damage, so that the original envelope values change as a 
function of the maximum previous slip in either direction and the total energy dissipation 
following the damage law proposed by Eligehausen et al. [47]. The results show the 
significant influence of the damage law on the hysteretic behaviour of the anchored bar. The 
models of the anchored reinforcing bar that do not include the effect of damage on the bond 
stress-slip relation show stable hysteretic behaviour for all values of yield strength with a 
hardening ratio of 1.4%, while significant deterioration in resistance is observed at higher 
yield strength and hardening ratio due to bond softening. 
From the results shown in Figure ‎6.13 and Figure ‎6.14, it can be concluded that a great 
amount of degradation occurs with respect to both strength and stiffness under repeated 
cyclic loads, particularly for models incorporating the effects of bond damage. 
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Figure ‎6.13:  Effect of cyclic push-pull with damage and no damage for anchored bar L=25d µ=1.4% 
(a) fy=380MPa (b) fy=470MPa (c) fy=550MPa 
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Figure ‎6.14:  Effect of cyclic push-pull with damage and no damage for anchored bar L=25d µ=3.5% 
(a) fy=380MPa (b) fy=470MPa (c) fy=550MPa 
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6.3 Reinforced concrete beam  
Ma et al. [59] investigated the behaviour for a number of cantilever beams subjected to 
seismic excitations. One of the specimens, BEAMR6 for this study is a cantilevered beam 
and attached column segment (anchorage block) subjected to reversed cyclic loading with 
increasing amplitude. The geometry and cross-section dimensions of the specimen BEAMR6 
are presented in Figure ‎6.15.  
Figure ‎6.15: Reinforced concrete beam tested by Ma et al.[59] 
The beam has a rectangular cross section reinforced with symmetric longitudinal 
reinforcement: the top and bottom reinforcement bar consist of 4#6 bars each and transverse 
steel consist of 17#2 bars. A point load is applied at the middle of the rightmost 15” zone of 
the cantilever beam. The longitudinal reinforcement is anchored with an embedment length 
of 675mm. The ratio of span to beam depth is almost 4. Hence, the beam response is 
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controlled by flexure and the effect of shear is rather small. The finite element model 
developed to compute the response of the laboratory specimens is shown in Figure ‎6.16. 
 
 
 
 
 
Figure ‎6.16: Details of beam R6 
The finite element model is an approximation of the geometry of the cantilever beam and 
anchorage zone in the laboratory model. The beam is reinforced with longitudinal steel ratio 
of 1.4% for top and bottom of the beam while transverse steel is ignored. Both top and 
bottom steel are anchored at the left end, and concrete in the anchorage zone is assumed to 
be rigid except for the bond-slip interface. The cantilever beam is analysed with coarse and 
fine meshes using 10 and 20 elements for concrete, respectively while the cross-section is 
divided into 50 layers. The numerical simulations are performed by forcing the tip of the 
cantilever beam through a prescribed displacement path used in the laboratory. The FE 
coarse mesh corresponding to the structure of Figure ‎6.16 is shown in Figure ‎6.17, and the 
228.6mm
34.9mm
19.1mm
406.4mm
4#6 bars
4#6 bars
1613mm
P
675mm
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deflection input history for the cantilever beam is shown in Figure ‎6.18. Table ‎6.2 lists the 
material data defining the model. Since bond stress-slip relation is not available hence these 
values are assumed with moderate bond strength showing in bold format. 
 
Figure ‎6.17: FE discretisation of RC beam 
 
 
 
 
 
 
 
 
Figure ‎6.18: Displacement loading history 
 
1 2 3 4 5 6 7 8 9 10 11 15141312 16
1 2 3 4 5 6 7 8 9 10 11 15141312 16
6 7 8 9 10 11 15141312 16 h
-h
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Table ‎6.2: Material parameters for laboratory model tested by Ma et al.[59] 
6.3.1 Comparison with experimental results 
Figure ‎6.19 shows the experimental and computed response for the reinforced concrete 
cantilever beam subjected to reverse cyclic loading, confirming that the proposed models 
represent the cyclic flexural response well, even though the strength stiffness is little over-
estimated. 
 
 
 
 
 
 
 
 
 
Figure ‎6.19: Load- deflection relationship of beam R6 
Concrete Steel Interface 
Name Value Name Value Name Value 
   22752.7MPa    200706MPa    1.85MPa 
    3.17MPa    451.6MPa    0.85MPa 
    30.2MPa  1.34%    0.85MPa 
   0.2N/mm      0.05mm 
       1.45mm 
       3.95mm 
       100mm 
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The displacements at the tip of cantilever are caused by flexural deformations, shear 
deformations, bond-slip between concrete and rebar and rotation at the built-in section due to 
reinforcing bar pull out from the column stub. The employed model, however, only accounts 
for flexural deformations and bond-slip effect, which may explain the small deviation between 
the numerical and experimental results in Figure ‎6.19. 
6.3.2 Objectivity of results 
Figure ‎6.20 and Figure ‎6.21 consider objectivity in the load-deflection response with mesh 
and time steps refinement, respectively. These figures show that the results from the coarse 
mesh of 10 elements with a total of 900 steps are converged, and that the overall modelling 
capability is objective with mesh and procedural refinement. 
 
 
 
 
 
 
 
 
 
 
Figure ‎6.20: Objectivity of load-deflection response upon mesh refinement (t=0.0078s) 
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Figure ‎6.21: Objectivity of load-deflection response upon step size refinement (10 elements) 
The following figures are aimed at presenting the convergence of various entities with mesh 
refinement at the end of each loading excursion, so as to get better insight into the nonlinear 
response of the RC beam under cyclic loading. These entities include the strain and stress 
distribution at the top and bottom fibres of concrete, the strain and stress distribution in the 
top and bottom reinforcement bars, the slip and bond stress distribution along the length of 
the two reinforcement bars. 
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After 1 sec – Displacement= 19.88mm 
Load-Deflection Response 
 
 
 
 
 
 
 
 
 
 
 
Figure ‎6.22: Load-deflection response after 1 sec 
Steel 
 
Figure ‎6.23: Beam R6: (a) strain in top steel (b) stress in top steel (c) strain in bottom steel (d) stress 
in bottom steel after 1 sec 
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Concrete 
 
Figure ‎6.24:  Beam R6: (a) concrete strain at top fibre (b) concrete stress at top fibre (c) concrete 
strain at bottom fibre (d) concrete stress at bottom fibre after 1 sec 
After 2 sec – Displacement = -17.62mm 
Load-deflection response 
 
 
 
 
 
 
 
 
 
 
Figure ‎6.25: Load-deflection response after 2 sec 
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Steel 
 
 
 
 
 
 
 
 
 
 
 
Figure ‎6.26: Beam R6: (a) strain in top steel (b) stress in top steel (c) strain in bottom steel (d) stress 
in bottom steel after 2 sec 
Concrete 
 
 
 
 
 
 
 
 
 
 
 
Figure ‎6.27: Beam R6: (a) concrete strain at top fibre (b) concrete stress at top fibre (c) concrete strain 
at bottom fibre (d) concrete stress at bottom fibre after 2 sec 
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After 7 sec – Displacement = 75.2mm  
Load-deflection response 
 
 
 
 
 
 
 
 
 
 
 
Figure ‎6.28:  Load-deflection response after 7sec 
Steel 
 
 
 
 
 
 
 
 
 
 
 
Figure ‎6.29: Beam R6: (a) strain in top steel (b) stress in top steel (c) strain in bottom steel (d) stress 
in bottom steel after 7sec 
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Concrete 
 
 
 
 
 
 
 
 
 
 
 
Figure ‎6.30: Beam R6: (a) concrete strain at top fibre (b) concrete stress at top fibre (c) concrete strain 
at bottom fibre (d) concrete stress at bottom fibre after 7 sec 
From the numerical results presented in Figure ‎6.22 to Figure ‎6.30, the following 
observations may be made: 
1. The results for the various entities demonstrate objectivity with mesh refinement. 
2. At the end of the first excursion (Figure ‎6.22 to Figure ‎6.24), significant tensile and 
compressive strains are observed in the bottom and top concrete fibres at the 
support, indicating both tensile cracking and compressive crushing. This explains the 
significant change in slip and associated bond over the element at the support. At this 
point, the lower tensile reinforcement bar has clearly yielded, while the top 
compressive bar is still elastic. 
3. At the end of the second excursion (Figure ‎6.25 to Figure ‎6.27), the stress 
distributions in the steel reinforcement is inverted between the top and bottom bars. 
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Interestingly though, there are clearly locked tensile plastic strains in the bottom rebar 
at the support from the earlier excursion, which lead to a significant change in the 
total strain in the bottom rebar at the support. 
4. At the final excursion (Figure ‎6.28 to Figure ‎6.30), significant slip is observed along 
the lower reinforcement bar from the support side, where the maximum bond strength 
is attained over a significant part of the bar. However, the slip reduces towards the 
tip, with bond stresses remaining less than the bond strength, indicating that the 
reinforcement bars are still effectively anchored in the cantilever beam. Furthermore, 
the stresses in the reinforcement bars are consistent with the direction of loading, 
though locked plastic strains in top reinforcement bar are now responsible for a 
complex total strain distribution near the support. 
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Chapter 7 
Static and Dynamic Considerations 
7.1 Introduction 
Traditional methods of modelling the cracking response of RC members involve the use of 
static analysis for static loads and dynamic analysis for dynamic loads. However, the 
propagation of cracks itself is a dynamic process even under static loading so it is the 
motivation of this study to investigate the fracture behaviour of concrete from static and 
dynamic perspectives for members subject to static load condition. The comparison of static 
and dynamic analysis is assessed in two examples, including an axial member loaded in 
tension and a RC beam subject to a point load. This is followed by a final example illustrating 
the applicability of the developed formulations to dynamic analysis of frames, where 
consideration is given to the nonlinear of on RC frame under earthquake loading. 
7.2 Anchored bar under pull-out 
As a simple but highly illustrative problem, this example considers the pull-out behaviour of a 
steel bar embedded in concrete which is assumed to be fixed at its left end and to be 
subjected to an axial load applied at its right end. To obtain a stabilized crack pattern with 
multiple cracking, a relatively long bar with a length L=4000mm and a cross section 
300x200mm2 is adopted. The detailed geometry, applied boundary and loading conditions 
are illustrated in Figure ‎7.1.  
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Figure ‎7.1: Configuration of RC tension member 
The yield stress and the initial stiffness of the reinforcing bar are σy= 450MPa and 
Es=210,000MPa, respectively, where hardening ratio of 0.01 is considered. The cross-
sectional area of steel is 600mm2 with perimeter of 86.83mm. The concrete tensile strength 
is ft=3.5MPa and the elastic modulus is Ec=30000MPa. The bond material parameters 
corresponding to the bond-slip law of Figure 4.7 are:e =3.6MPa, 1=4.85MPa, 3=2.6MPa, 
se=0.25mm, s1=1mm, s2=3mm, s3=10.5mm.The finite element model is represented with 20 
elements as shown in Figure ‎7.2.  
 
Figure ‎7.2: FE mesh of tension member 
7.2.1 Static analysis 
In this simulation of crack propagation, inertia effects are excluded and the static equilibrium 
path is traced with due allowance for unloading after the development of individual cracks. To 
initiate crack development, displacement control is applied as the relative axial displacement 
of the element where stresses are found maximum. Such an element represents the length 
over which the crack is smeared, where different elements are controlled during nonlinear 
1 2 3 4 5 6 7 8 9 10 11 12 14 15 16 17 18 19 20 2113
20 Elements
4000mm
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analysis depending on the number of developed cracks. Since the crack opening criterion is 
based on the maximum fibre stress, sufficiently small load steps are used in addition to small 
cross-sectional imperfections are so as to open one crack at a time. Once the first crack is 
established, the next crack is considered to occur where the stresses become again largest. 
The loading and unloading response of the tension bar is shown in Figure ‎7.3, where it is 
evident that the response is dominated by the development of four cracks after each of which 
significant snap back is observed before the response is increased at a progressively lower 
effective stiffness.  
 
 
 
 
 
 
 
 
 
Figure ‎7.3: Response of tension member under axial load 
The objectivity of the above numerical results with mesh and load step size refinement is 
demonstrated in Figure 7.4 and Figure 7.5 respectively. 
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Figure ‎7.4: Objectivity of load-deflection response with mesh refinement (step size =0.02mm) 
 
 
 
 
 
 
 
 
 
  
 
Figure ‎7.5: Objectivity of load-deflection response with step size refinement (20 elements) 
The formation of cracks along the member length is illustrated in Figure ‎7.6, where the first 
crack appears at the fixed end, second crack appears in the middle of the column at a 
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distance of 2000mm from the right end, the third crack appears at a distance of 3000 mm 
from the right end while the fourth crack appears in between first and second crack at a 
distance of 1000mm from the right end. 
 
Figure ‎7.6: Distribution of cracks along tension member (40 elements) 
Although imperfections are introduced where stresses are found maximum to open cracks at 
those locations, the location of cracks is more sensitive to imperfections. This is illustrated in 
Figure ‎7.7 applying imperfections at different locations within the range of minimum and 
maximum crack spacing to have different crack pattern. The first crack appears at the fixed 
end, second crack appears at a distance of 1500mm from the right end, and the third crack 
appears at a distance of 2800 mm from the right end. 
 
 
 
 
 
 
 
 
Figure ‎7.7: Distribution of cracks along tension member applying imperfections at different locations 
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7.2.2 Dynamic analysis 
With the aim of identifying the influence of dynamic effects on crack propagation, even when 
the load is applied statically using displacement control, the tension member is considered 
here using nonlinear dynamic analysis with a distributed mass of (0.00144 N.s2/mm2).The 
first period of natural vibration based on elastic behaviour is thus obtained as (T1=0.0143s), 
which is used for the choice of the time integration step size, taken approximately as 
(t=T1/40=0.000367s). To simulate the effects of static loading under displacement control, 
the tension member is subjected at its loaded end to an axial displacement loaded applied at 
a small constant velocity of 1.5mm/s over duration of 11s. Both concrete and steel are 
modelled using 20 elements each integrated with three Gauss stations. 
In the current dynamic analysis, no imperfections are introduced, as reliance is placed on 
wave propagation for the initiation of cracks. This should be seen as a particular advantage 
of dynamic analysis, in addition to the fact that the dynamic response is a much more 
realistic representation of the true behaviour than the static response. 
Figure ‎7.8 shows the load-displacement response at the controlled end, where the onset of 
cracking is identified on the figure. The locations of cracks are similar to those from static 
analysis, as illustrated in Figure ‎7.9, though in static analysis the location of cracks is more 
sensitive to imperfections.  
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Figure ‎7.8: Load-displacement response of tension member under dynamic consideration 
 
Figure ‎7.9: Distribution of cracks along tension member 
 
The objectivity of the results with mesh and time step refinement is considered in Figure ‎7.10 
and Figure ‎7.11 , respectively. Although there are notable differences in the responses with 
and without refinement, these are largely related to high frequency oscillations which are 
require excessively small elements and time steps for convergence. However, objectivity is 
realised in the general characteristics of the response, including the locations of cracks, as 
illustrated in Figure ‎7.12. 
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Figure ‎7.10: Objectivity of results with mesh refinement (t = 0.000367s) 
 
 
 
 
 
 
 
 
 
 
 
Figure ‎7.11: Objectivity of results with time step refinement (20 elements) 
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Figure ‎7.12: Distribution of cracks along tension member 
7.3 RC beam under point load 
To illustrate the significance of static and dynamic analysis for flexural loading, the RC beam 
J4 tested by Burns and Siess [40] is considered again. This beam has been investigated in 
details in Chapter 5, including validation against experimental results and parametric studies. 
However in this section, beam J4 is considered with the aim of comparing the results from 
static and dynamic analysis, hence the full length of the beam is considered to compare the 
crack pattern in both type of analysis. The configuration of beam J4 and the adopted FE 
discretisation are presented in Figure ‎7.13 and Figure ‎7.14, respectively. 
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Figure ‎7.13: Configuration of beam J4 
The yield stress and the initial stiffness of the reinforcing bar are σy= 309.65MPa, 
Es=203,450MPa, respectively, while a hardening ratio of 0.01 is considered. The concrete 
tensile strength is ft=2.4MPa, the elastic modulus is Ec=26200MPa, and the fracture energy 
is 0.0875N/mm. Area of steel is 1020mm2 corresponding to 2#8 bars. The bond material 
parameters corresponding to the bond-slip law of Figure 4.7 are: e =0.27MPa, 1=1.17MPa, 
3=0.5MPa, se=0.005mm, s1=.02mm, s2=.15mm, s3=3mm. 
 
Figure ‎7.14: FE discretisation of beam J4 
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7.3.1 Static analysis 
Static analysis is undertaken with displacement control of the vertical mid span deflection 
using 300 load steps, where the resulting load-deflection response is provided in Figure ‎7.15. 
Three cracks are developed along the RC beam in the order (element # 21, 16, & 26) at the 
final equilibrium states noted in Figure ‎7.15. The locations of the cracks are also illustrated in 
Figure ‎7.16, where the bottom fibre strains and stresses in the concrete are shown. It is clear 
from these results that the main crack is at mid span, while the adjacent cracks are less 
significant with a much smaller crack width as evidenced by the lower smeared crack strain. 
Interestingly, the bottom concrete stress at the supports is compressive, which is attributed to 
the anchorage of the tensile bar at these locations. 
 
 
 
 
 
 
 
Figure ‎7.15: Load-deflection response (number of elements =40, step size=.02mm) 
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Figure ‎7.16: Final distribution of cracks along the RC beam (number of elements=40) 
 
7.3.2 Dynamic analysis 
With the aim of comparing results from static and dynamic analysis, the beam J4 is 
considered here using nonlinear dynamic analysis with a distributed mass of (0.002475 
N.s2/mm2).The first period of natural vibration based on elastic behaviour is thus obtained as 
(T1=.066s), which is used for the choice of the time integration step size, taken approximately 
as (t=T1/30=0.0022s). A constant velocity of 1.5mm/s over duration of 11s is applied at the 
mid span of the beam. This investigation considers two levels of mesh discretisation (a 
coarse mesh of 20 elements and a fine mesh of 40 elements) and two different and two time 
step sizes. 
From the load-deflection response provided in Figure ‎7.17, it is clear from the ensuing high 
frequency oscillations that the first crack appears at a load of around 40kN while the second 
set of crack appears at around 60kN while the location of cracks are demonstrated in Figure 
‎7.18. 
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Figure ‎7.17: Load-deflection response of RC beam 
 
Figure ‎7.18: Distribution of cracks along RC beam  
Similarly to the tension member, Objectivity is clearly compromised by high frequency 
modes, particularly for the coarse mesh, but the crack pattern is not very much affected 
as illustrated in Figure ‎7.21. 
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Figure ‎7.19: Objectivity of results with mesh refinement (t=0.0022s) 
 
 
 
 
 
 
 
Figure ‎7.20: Objectivity of results with step size refinement (40 elements) 
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Figure ‎7.21: Distribution of cracks along beam J4 
The comparative study between static and dynamic analysis revealed that the dynamic 
analysis is easier to perform computationally, since it does not require the introduction of 
imperfections or the identification of elements for relative displacement control so as to locate 
cracks. Furthermore, the predictions from dynamic analysis under relatively static 
displacement control do not differ significantly from those of static analysis, particularly in 
relation to crack spacing and strain/stress distributions in the reinforcement. This has 
significant implications, confirming the validity of nonlinear static analysis solutions in which 
the dynamic release of energy due to crack propagation is ignored. 
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7.4 RC Frame subjected to dynamic loading 
The present investigation provides additional evidence of the generality of the proposed 
elements, where consideration is given to modelling the response of RC frames under 
dynamic loading. In this respect, a two-storey one-bay RC frame is modelled with the 
proposed elements under seismic excitation, where the details of the structure and the 
applied ground accelerations are presented in Figure ‎7.22 and Figure ‎7.23, respectively. 
 
Figure ‎7.22: Configuration of planar RC frame 
The material properties for concrete and steel are: f‟c=30MPa, Ec=30x10
3MPa, f‟t=3MPa, 
Es=210x10
3MPa, fy=300MPa and µ=0.01.The total cross-sectional area of rebar is 
0.000774m2 with perimeter of 0.2394m for each layer of column and beam. The bond 
material parameters corresponding to Figure 4.7 are, e=1.97MPa, 1=3.95MPa, 3=1.5MPa, 
se=0.0005m, s1=0.002m, s2=0.015m, s3=0.3m.The considered frame is modelled by 28 
elements, where each column is represented by 8 elements, while the beams are each 
modelled by 6 elements, with the reinforcement assumed to be anchored at the beam ends 
4m
4m
6m
300mm
300mm
250mm
Column cross-section
600mm 500mm
300mm
Beam cross-section
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and column top ends. For both beam and column, cross-section is divided into 50 layers. A 
distributed mass of 2000kg/m and 216kg/m is considered for the beams and columns, along 
with the corresponding initial gravity loading.  
 
 
 
 
 
 
Figure ‎7.23: Ground acceleration record used for the RC frame 
 
 
 
 
 
 
 
 
Figure ‎7.24: FE discretisation of frame 
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Figure ‎7.25 shows the relative drift of RC frame which is the difference between the top 
storey displacement and ground displacement while an examination of the displaced shape 
of RC frame (Figure ‎7.26) suggests that the main effect of the earthquake is a translation of 
the structure and damage due to lateral drift is higher at the bottom storey since the columns 
are pin-connected. This can be improved by considering the structure to be fixed at the base.   
 
 
 
 
 
 
 Figure ‎7.25: Relative drift of top story of RC frame 
 
 
 
 
 
 
 
 
Figure ‎7.26: Deflected Shape of RC frame 
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An important aspect of nonlinear dynamic analysis is the selection of time step size. Realistic 
results can only be achieved with very small time steps because crack within brittle materials 
propagate at very high speed. Hence, in the current study the objectivity of results are 
checked for smaller time step size and for finer mesh as well.  
 
 
 
 
 
 
 
Figure ‎7.27: Convergence of results upon time step size (28 elements) 
 
 
 
 
 
 
 
 
Figure ‎7.28: Convergence of results upon mesh refinement (t=0.02s) 
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It can be seen in Figure ‎7.28 that objectivity is not achieved upon mesh refinement. This is 
expected because the original mesh is too coarse. Thus element size is reduced further and 
objectivity is finally demonstrated in Figure ‎7.29.   
 
 
 
 
 
 
 
 
Figure ‎7.29: Convergence of results upon mesh refinement (t=0.02s) 
 
.
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Chapter 8 
Summary and Conclusions 
8.1 Introduction 
The aim of this work has been to develop a finite element (FE) modelling approach which 
can better capture the nonlinear response of reinforced concrete (RC) members, achieving 
objectivity in displacement, strain and stress predictions. The need for this work arises from 
the fact that existing 1D FE models are incapable of dealing with crack localisation and strain 
concentration in reinforcement across cracks in the concrete, while 2D and 3D FE models 
pose prohibitive computational demands when applied to RC beams, columns and frames. 
The proposed models developed in this work are based on a 1D formulation approach, yet 
they are enriched with advanced cross-sectional kinematics to provide objectivity and good 
levels of accuracy compared to experimental results. The proposed elements allow the 
modelling of the complete response of RC members including the elastic phase, concrete 
cracking, yielding of reinforcement, bond-slip and reinforcement rupture by strain localisation 
across the cracks. Following are the most significant findings of the current research as well 
as recommendations for future research that supports the advancement of this work. 
8.2 Summary 
In the literature review, concepts of fracture mechanics, its application to concrete, FE 
techniques available to simulate fracture in concrete, including smeared and discrete crack 
approaches, crack localisation in RC members and various modelling techniques for bond-
Chapter 8– Summary and Conclusions 
 
220 
 
slip, such as the bond link and bond zone techniques, are discussed. Factors which should 
be considered when establishing the objectivity of nonlinear RC analysis are then examined, 
including mesh size, load step size and static vs. dynamic analysis.  
Modelling the response of RC members under axial, shear and bending actions involves 
handling the complex nonlinear behaviour that takes place in the post-cracking and ultimate 
stages. Current 2D (plane-stress and plane-strain) and 3D (solid) nonlinear FE formulations 
capable of modelling such a response are prohibitively costly and not justifiable for 
application to beams, columns and framed structures. In the current work, two 1D beam-
column elements are proposed for concrete and reinforcing bar, respectively, which address 
realistically such complex phenomena as localised cracking and crushing of concrete, 
yielding and rupture of reinforcement, allowing for strain localisation across cracks, and the 
degradation of stiffness caused by bond-slip. 
Prior to the development of concrete element, a nonlinear analysis of a RC beam highlighted 
the deficiencies in conventional 1D elements based on the assumption of plane sections 
remaining plane, even when bond-slip is explicitly modelled with interface models between 
separate concrete and reinforcement elements. These deficiencies include the spread of a 
single crack over many elements and lack of objectivity with mesh refinement in respect of 
the compressive concrete strain, ultimately leading to erroneous compressive failure. Thus, 
an improved beam-column element for concrete, which addresses the above shortcomings, 
is formulated and verified. 
The proposed concrete element formulation is based on 1D representation primarily focused 
on advanced cross-sectional kinematics representing the more accurate strain distribution 
over the cross-section depth, particularly in the post-cracking stage. This is achieved by 
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enhancing the conventional linear variation of the longitudinal displacements over the cross-
section depth with higher-order functions. The proposed model allows a complete response 
of concrete from the elastic phase, passing by cracking of the concrete and yielding of 
reinforcement, until failure is reached either by crushing of concrete or fracture of steel 
reinforcement. Although the concrete element considers shear deformation, it does not deal 
with complex shear failure phenomena, and is therefore limited to the nonlinear flexural 
response of RC beam-columns. 
In contrast to conventional layered elements that adopt the same element for concrete and 
rebar assuming perfect bond, a separate rebar element is developed in this work accounting 
for the effect of bond-slip including the influence of large displacements. The local element 
formulation establishes basic local forces in terms of basic local freedoms, where the two 
main components considered are: (a) a rebar for which any uni-axial constitutive law for steel 
can be adopted, and (b) an interface between the reinforcing bar and surrounding concrete 
for which a piecewise bond-slip relationship is developed for monotonic and cyclic loading. 
The proposed concrete and steel-bond elements are implemented into the nonlinear 
structural analysis program ADAPTIC, leading to a powerful tool for the nonlinear analysis of 
RC members. To establish the validity of the proposed elements, correlation studies of 
numerical predictions with experimental evidence are presented, including the nonlinear 
response of beams and columns tested under monotonic and cyclic load reversals. Since the 
shear effects are not included in the proposed concrete element, the selection of specimens 
for checking the validity of the proposed elements has been limited to cases with negligible 
contribution of shear deformations to the overall response. For all examples, the 
convergence and objectivity of displacement and stress/strain solutions upon procedural 
refinement is demonstrated.  
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In addition to comparing the numerical against experimental results, parametric studies are 
undertaken to establish the importance of various characteristics on the predicted response. 
These include the effects of different strain hardening ratios for the anchored reinforcing bar, 
yield strength, anchorage length, bond strength and bond damage. Moreover, of interest to 
this work are parameters that determine the flexural response of RC beams, including the 
shear retention factor and specific technique used for modelling higher-order cross-sectional 
kinematics. 
Finally, the cracking behaviour of RC members is investigated from the static and dynamic 
perspective for RC column pulled at one end and for a RC beam under flexure, considering 
static loading applied by means of displacement control. This is followed by an illustrative 
example demonstrating the application of the proposed elements to a RC frame subject to 
earthquake loading. 
8.3 Conclusions 
The proposed formulations represent a significant step towards the objective prediction of the 
nonlinear response of RC members allowing for geometric and material nonlinearity, and 
including bond-slip and tensile crack localisation. A careful analysis of the results of work 
study leads to the following main conclusions: 
 The proposed 1D formulations for concrete, with a layered cross-sectional 
discretisation, and rebar, including the bond-slip interface, has several advantages 
over 2D and 3D models of comparable accuracy, including fewer degrees of freedom, 
significant enhancement of computational efficiency and easier interpretation of 
results. In addition to these, the proposed 1D elements address realistically complex 
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phenomena such as localised cracking and crushing of concrete, yielding and rupture 
of reinforcement allowing for strain concentration across cracks. 
 The advantage of assuming a separate rebar element is that the bond-slip effect can 
be taken into account, while using a layered section method, without the need for 
defining duplicate coincident nodes for concrete and steel to be connected by joint 
elements that model bond-slip. Furthermore, a separate element for the 
reinforcement, allows the consideration of multiple layers of steel bars regardless of 
location over the cross-section, with different slip freedoms for each layer. 
 Based on the case studies reported, it has been established that the developed 
nonlinear FE solution procedure is numerically stable and capable of simulating the 
cracking behaviour of RC beams and columns, including the stiffness degradation 
caused by bond-slip as well as the influence of cracking on strain localisation leading 
to the rupture of reinforcement under monotonic, cyclic and earthquake loading. The 
numerical studies confirm that considering the bond-slip effect improves the accuracy 
of the numerical results. In contrast, ignoring the bond-slip effect can lead to 
erroneous strains, particularly in yielded rebars across cracks, and to an 
overestimation of the stiffness of RC members. Therefore, in order to predict the 
structural behaviour of RC members, the bond-slip effect must be taken into account. 
 The inclusion of tensile softening with adjustment of the softening slope for the 
element size is important for achieving objectivity of the solution with mesh 
refinement. 
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 Although the value of the cracked shear constant has a negligible effect on the 
response of slender RC beams in bending, a non-zero value should be used so as to 
avoid numerical difficulties. 
 The comparison between the predictions obtained with polynomial functions and 
piecewise linear functions of an equivalent order for the higher-order cross-sectional 
kinematics confirm that both types of approximation simulate the cracking response 
of RC member equally well. Importantly, both enable objective solutions including 
crack localisation without causing unrealistic compressive strains in the concrete. 
 The proposed formulations can be effectively used to predict the structural response 
of RC beams and columns under cyclic loading. The numerical hysteresis loops 
obtained show that the proposed models provide realistic predictions under cyclic 
loading. It is concluded that substantial degradation in the bond resistance can take 
place during cyclic loading, and that an increase in cyclic displacement leads to more 
severe bond deterioration. 
 The parametric study for anchored rebar under monotonic pull-out shows that both 
the yield strength and strain hardening ratio of the reinforcing steel are key 
parameters that affect the slip distribution, which in turn determines the effective 
anchorage length. 
 The comparative study between static and dynamic analysis revealed that the 
dynamic analysis is easier to perform computationally, since it does not require the 
introduction of imperfections or the identification of elements for relative displacement 
control so as to locate cracks. Furthermore, the predictions from dynamic analysis 
under relatively static displacement control do not differ significantly from those of 
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static analysis, particularly in relation to crack spacing and strain/stress distributions 
in the reinforcement. This has significant implications, confirming the validity of 
nonlinear static analysis solutions in which the dynamic release of energy due to 
crack propagation is ignored. 
8.4 Recommendations for future research 
The development and application of the proposed elements for predicting the response of 
RC members and frames has paved the way for further research towards more realistic and 
effective nonlinear analysis of RC structures. 
The higher-order beam-column layered elements, as presently formulated, are capable of 
providing a very good accuracy for the stress and strain distribution through the depth of a 
layered beam. While in the present concrete formulation, the cross-section is limited to a 
rectangular shape, extension to other cross-sectional shapes should be relatively 
straightforward. A more significant extension is to deal with three-dimensional frames, though 
this is most effectively undertaken within a local co-rotational framework [60] so as to deal 
with the effects of large displacement and rotations.  
The proposed elements presented in this thesis are aimed at investigating the axial and 
flexural behaviour of RC members. Therefore, shear failures not taken into account. 
However, shear failure can play an important role in the nonlinear response of RC members. 
This subject merits further study so as to develop a suitable shear failure mechanism in RC 
members such as deep beams. 
The effects of more sophisticated material models for concrete and steel on the global and 
local hysteric response of RC members needs to be studied. The present study is limited to 
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rather simple constitutive models, which lack important features, such as degradation in the 
cyclic response of steel and concrete. 
Finally, while the frame example presented in Chapter 8 confirms the general applicability of 
the proposed formulations to dynamic loadings, the effect of various deformation 
mechanisms on the local and global response of RC frame structures under earthquake 
excitations could be studied in greater detail. The proposed method provides an objective 
tool which can be effectively used in parametric studies of RC frames under earthquake 
loading, allowing the consideration of actual failure based on reinforcement rupture instead of 
some arbitrary failure criterion based on admissible drift or member deformation capacity. 
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